ERROR-DRIVEN LEARNING IN HARMONIC GRAMMAR

GIORGIO MAGRI

Abstract — The HG literature has adopted so far the Perceptron reweighing rule because of its convergence
guarantees. Yet, this rule is not suited to HG, as it fails at ensuring non-negativity of the weights. The first
contribution of this paper is a solution to this impasse. I consider a variant of the Perceptron which truncates any
update at zero, thus maintaining the weights non-negative in a principled way. And I show that the convergence
guarantees for the original Perceptron extend to its truncated variant. Unfortunately, although convergent, HG
error-driven learning (with both the original and the truncated Perceptron reweighing rule) is not efficient, contrary
to error-driven learning in OT. Indeed, the second contribution of this paper is a counterexample with just ten
constraints where the HG learner makes over five million errors before converging while the OT error-driven learner
makes less than fifty errors, and yet the HG and OT typologies coincide! The superiority of OT over HG errordriven learning is shown to extend to the stochastic implementation. These results do not contradict the good
performance of the Perceptron reported in the Machine Learning and Computational Linguistics literature, as the
latter literature has focused on an implementation of the Perceptron which is not error-driven (the kernel dual
Perceptron), precisely to cope with the inefficiency of the error-driven Perceptron adopted in the HG literature.
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1. Introduction

An error-driven learner is trained on a single piece of data at the time and slightly updates its current hypothesis
of the target grammar whenever it makes an error on the current piece of data. Learning continues until no more
errors are made and the learner thus settles on a final grammar consistent with the training data. This learning
scheme has been endorsed within the language acquisition literature (at least since Wexler and Culicover 1980)
because of its good modeling properties. In particular, the learner does not require a lexicon, as each instantaneous
update is triggered by the current error on a single piece of data, without paying attention to the implications
of that update for the rest of the training data. This learning scheme is thus suited to model also the earliest
stages of language acquisition, prior to the development of the native language lexicon. Furthermore, the learning
dynamics describes a sequence of grammars which can be matched with child acquisition paths. This learning
scheme thus provides a straightforward tool to model the child’s acquisition gradualness. This paper looks at
error-driven learning within two frameworks for constraint-based phonology, namely Harmonic Grammar (HG;
Legendre, Miyata, and Smolensky 1998b,a) and Optimality Theory (OT; Prince and Smolensky 2004).
Whenever the HG error-driven learner makes an error, the constraints are slightly reweighed. The recent HG
computational literature has adopted the Perceptron reweighing rule (Jesney and Tessier 2011; Coetzee and Pater
2008, 2011; Coetzee and Kawahara 2013; Boersma and Pater to appear, among many others). According to this
rule, a certain amount is added to certain weights and subtracted from others. The main reason for the adoption
of this specific reweighing rule is that it comes with guarantees that the number of errors is always finite, so that
the learner provably converges to a grammar consistent with the data and learning ceases (Block 1962; Novikoff
1962; Rosenblatt 1958, 1962; Minsky and Papert 1969; Cesa-Bianchi and Lugosi 2006, chapters 11, 12; Mohri et al.
2012, ch. 7). Yet, HG crucially requires the weights to be non-negative, in order to avoid undesired typological
predictions. Unfortunately, there is just no way to guarantee non-negativity of the final weights in the case of
the Perceptron, which therefore does not qualify as a proper HG error-driven learner, despite current practice.
Section 2 offers a solution to this problem. I consider a truncated version of the Perceptron reweighing rule, which
is identical to the original Perceptron rule, but for the fact that a weight is not updated when an update would
otherwise make it negative, thus ensuring non-negativity of the final weights. Despite the fact that a run of the
original and the truncated Perceptron can differ substantially, I note that a run of the truncated Perceptron can
always be mimicked through a run of the original Perceptron on a properly extended set of data. I thus conclude
that convergence guarantees extend from the original to the truncated Perceptron.
Section 3 then compares the HG and OT implementations of error-driven learning from the perspective of
error-bounds, namely the worst-case number of errors made by the learner before convergence (as a function of the
number of constraints). For the case of OT, the available error-bound grows slowly (namely, quadratically) with
the number of constraints, for a variety of different implementations (Tesar and Smolensky 1998; Magri 2012b,a,
2013a). The error-bound for the HG learner with the (original and truncated) Perceptron reweighing rule instead
grows very fast (namely, exponentially). So fast that I can construct a case with just ten constraints where the HG
error-driven learner makes over five million errors — contrary to less than fifty errors made by the OT error-driven
learner. Importantly, the constraint set considered in this counterexample has the property that the corresponding
typologies according to HG and OT exactly coincide. The inefficiency of the HG implementation thus cannot be
due to the fact that the algorithm is exploring a larger typology. In other words, even if the typologies predicted
for a given constraint set by OT and HG turn out to be identical (as recently argued to be often the case in Pater
2009), the OT parameterization of the typology still outperforms the HG one from the perspective of error-driven
learning. Finally, I explain that this conclusion concerning the superiority of the OT over the HG implementation of
error-driven learning is not at odds with the good performance of the Perceptron reported in the Machine Learning
(e.g., Mohri et al. 2012, ch. 7) and Computational Linguistics literature (e.g., Collins 2002). In fact, the latter
literature has focused on an implementation of the Perceptron (the kernel dual Perceptron) which has access to the
entire batch of data at once and is therefore not error-driven, precisely in order to cope with the inefficiency of the
classical error-driven Perceptron adopted in the HG literature.
Section 4 compares HG and OT error-driven learning further, looking at the stochastic implementation. A
stochastic error-driven learner randomly perturbs the current grammar before testing it on the current piece
of data (Boersma 1997, 1998; Boersma and Hayes 2001; Coetzee and Pater 2008, 2011; Coetzee and Kawahara
2013; Boersma and Pater to appear). Convergence and error-bounds extend straightforwardly to the stochastic
implementation, both for the case of HG (Boersma and Pater to appear) and OT (Magri 2013a). Thus again,
the error bound for the OT stochastic error-driven learner grows slowly (namely, quadratically) with the number
of constraints while the error-bound for the HG stochastic learner grows very fast (namely, exponentially). So
fast that with just ten constraints, the HG stochastic learner makes over one million additional errors on top of
the already astronomical number of errors made by its deterministic counterpart, while the OT stochastic learner
makes around 150 additional errors on top of the already very small number of errors made by its deterministic
counterpart. I thus conclude that OT outperforms HG also from the perspective of the stochastic implementation
of error-driven learning.
A crucial component of the language acquisition task is that of finding a grammar consistent with the entire batch
of data. Error-driven learning needs to achieve this goal with extremely impoverished computational resources. In
fact, contrary to competing more powerful learning algorithms, the error-driven learner does not have access to the
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entire batch of data at once. The learning dynamics is driven by instantaneous updates each triggered by a single
piece of data at the time, without ever being able to compute the implications of the current update for the entire
batch of training data. The modest computational resources used by error-driven learning make it suitable to model
also early acquisition stages, while the computational resources required by alternative more powerful algorithmic
schemes would be unrealistic at this early stage. For instance, since the error-driven learner does not keep track of
previously seen data, it is perfectly suited to model the early stages of the acquisition of phonotactics, prior to the
acquisition of the native language lexicon (Hayes 2004). On the other hand, because of its modest computational
resources, error-driven learning can succeed at the learning task only if implemented with extreme care. Within
constraint-based phonology, this means that it can succeed only if implemented within a carefully crafted model of
constraint interaction, simple enough to boost the modest resources of this learning scheme. Section 5 concludes
the paper, suggesting that the OT model of constraint interaction is superior to the HG model from the perspective
of boosting the efficiency of the error-driven model of child language acquisition.
These final considerations show that the computational and simulation results presented in the paper have
broad implications for the architecture of constraint-based phonology. In order to make these results and their
implications accessible also to a non-computational readership, the paper is written in “three layers”: the bulk of
the paper is kept completely informal; appendices A-B provide more formal details, but do not require any technical
background; finally, appendix C contains all technical details and presupposes familiarity with basic Linear Algebra.

2. Endowing HG with an error-driven learner that keeps the weights non-negative
Assume that the learner is provided with the space of all possible grammars G1 , G2 , etcetera. Data come in
a stream, one piece of data at the time. The learner maintains a current grammar, which represents its current
hypothesis on the target adult grammar. Whenever the current grammar (say G1 ) fails to account for the current
piece of data (say, datum 1), the learner slightly updates its current grammar to a slightly different one that sits
nearby in the space of grammars (say, G2 ). This process is repeated until the learner stops making errors and
converges to a final grammar consistent with the stream of training data, so that learning ceases.
(1)

datum 1

datum 2

datum 3

G2
G3
G1

This learning scheme is called error-driven because the learning dynamics is driven by the errors performed on the
incoming stream of data. This scheme has been thoroughly investigated in the Machine Learning literature (under
the heading of online learning; for a review, see Kivinen 2003; Cesa-Bianchi and Lugosi 2006, chapters 11, 12; and
Mohri et al. 2012, ch. 7). Within the linguistic literature, error-driven learning dates back to at least Wexler and
Culicover (1980). This section discusses the proper implementation of error-driven learning within HG.
2.1. HG error-driven learning algorithms
Within HG, the typology of grammars is parameterized by an assignment of weights θ1 , . . . , θn to a given set of
n phonological constraints C1 , . . . , Cn . These weights are collected together into an n-tuple θ = (θ1 , . . . , θn ), called
a weight vector. The informal algorithmic scheme (1) can then be made explicit as in (2).
(2)

Initialization:
set the current
vector θ
equal to a
pre-assigned one

yes
Step (a): get
an underlying
form x and
a winner
candidate y

Step (b): pick
another loser
candidate z
for the underlying form x

Step (c): check
whether the intended
winner y beats the
loser z according to
the current vector θ

no

Step (d):
update the
current vector θ
in response to its
current failure
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The algorithm maintains a current HG grammar, represented through a current vector θ of weights. These current
weights are initialized by setting them equal to certain initial values. For concreteness, I assume throughout this
paper that the initial weights are all null. These initial weights are then updated by looping though the four steps
(2a)-(2d), described below.
At step (2a), the algorithm receives a piece of data sampled from the target HG grammar the algorithm is being
trained on. This piece of data consists of an underlying form x together with the candidate y it is mapped to
according to that target HG grammar the algorithm is being trained on. This means in turn that the target HG
grammar is such that y wins the competition over any other candidate for that underlying form x. In order to
check the performance of the (HG grammar corresponding to the) current weights on this current piece of data,
at step (2b) the algorithm picks a loser candidate z for comparison with the intended winner y. As a mnemonic, I
strike out a candidate when it is meant to be a loser. I make no assumptions on how the current loser z is chosen
at step (2b).1
At step (2c), the algorithm checks whether indeed the current weights manage to make the intended winner y
beat the intended loser z. To keep things simple, I assume throughout this paper that all constraints are binary:
they assign either no violations or just one violation; as shown in appendix A, this restriction is easily relaxed, at
the only expenses of a slightly more cumbersome notation. With this simplification, the condition that the winner
y beats the loser z according to the current weights θ = (θ1 , . . . , θn ) boils down to condition (3). Here, W (and L)
is the set of winner-preferring (loser-preferring, respectively) constraints, namely those constraints that assign less
(more, respectively) violations to the intended winner y than to the intended loser z.
X
X
(3)
θh >
θh
h∈W

k∈L

This condition (3) says that the constraints which prefer the winner y “outperform” the constraints which instead
prefer the loser z, in the sense that the sum of the weights of the former constraints is strictly larger than the sum
of the weights of the latter constraints.
If condition (3) is satisfied at step (2c), then the current weights manage to make the intended winner y beat the
loser z. Hence, the algorithm has nothing to learn from this comparison, loops back to step (2a) and waits for more
data. Otherwise, the algorithm needs to take action, by slightly revising the current weights at step (2d). Failure
of condition (3) suggests that the weights corresponding to the winner-preferring (loser-preferring) constraints are
too small (too large, respectively). One reasonable update strategy is thus (4): the weights corresponding to the
winner-preferring (loser-preferring) constraints are increased (decreased, respectively) by a small amount, say 1;
for an illustration, see (9) below.
(4)

a. Increase the current weight of each winner-preferring constraint by 1;
b. decrease the current weight of each loser-preferring constraint by 1.

The algorithmic scheme (1) with the update condition (3) at step (1c) and a reweighing rule such as (4) at step
(1d) is called an HG error-driven learning algorithm.
2.2. The original Perceptron reweighing rule and the problem of non-negative weights
Boersma and Pater (to appear) note that the HG error-driven learner with the specific update rule (4) is known
in the Machine Learning literature as the Perceptron algorithm for linear classification (for the case of binary
constraints). The algorithm comes with convergence guarantees summarized in theorem 1 (Block 1962; Novikoff
1962; Rosenblatt 1958, 1962; Minsky and Papert 1969; Cristianini and Shawe-Taylor 2000, Theorem 2.3; CesaBianchi and Lugosi 2006, ch. 12; Mohri et al. 2012, ch. 7). Appendices A.1 and A.2 describe the Perceptron
algorithm with arbitrary (namely, not necessarily binary) constraints; appendix A.3 formally defines the notion of
margin which appears at the denominator of (5); appendix A.4 provides a general statement of the theorem for
arbitrary constraints; finally, appendix C.1 recalls the proof of the theorem for completeness.
Theorem 1. The HG error-driven learner (2) with the Perceptron reweighing rule (4) converges: whenever trained
on data consistent with some HG grammar, it can only perform a finite number of errors, before settling on final
weights which are guaranteed to be consistent with the target grammar, so that no further updates are triggered and
learning ceases. Furthermore, the number of errors made before converging can be bound as follows
(5)

number of errors ≤

n2
margin of the training data

2

in terms of the number n of constraints and a quantity that captures a crucial property of the training data, namely
their margin.2

1A reasonable choice is to set the current loser z equal to the candidate which is predicted to win according to the current weights
θ. With this definition of step (2b), the following step (2c) can be reformulated as follows: “check whether the intended winner y
coincides with the predicted winner z”.
2The general error-bound for the Perceptron algorithm has the squared radius of the data at the numerator, not the squared number
of constraints, as in (5). Yet, since I am restricting myself to binary constraints, the squared radius is always bounded by the squared
number of constraints; see appendix A.3. Indeed, it is the margin (not the radius) which will be held responsible for the exponential
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Theorem 1 crucially assumes that the training data are all consistent with a certain HG grammar. It turns out
that consistent training datasets can differ because of their “degree of consistency”. The margin which appears
in the denominator of the error-bound (5) is indeed a measure of the degree of consistency of the training data,
as explained in appendix A.3. Training data with a higher degree (lower degree) of consistency have a larger
(smaller, respectively) margin, yielding a smaller and thus better (larger and thus worse, respectively) error-bound
(5). Section 3 will discusses the quality of the error-bound (5) and its dependence on the margin of the data.
Unfortunately, the use of the Perceptron as an HG error-driven learner suffers from the following well-known
problem. In order for HG to avoid undesired typological predictions, constraint weights need to be enforced to
satisfy the non-negativity condition (6).
(6)

θ1 , . . . , θ n ≥ 0

Here is an elementary counterexample which illustrates the importance of this non-negativity condition. Consider a
constraint set which consists of a markedness constraint C1 against voiced obstruents and a faithfulness constraint
C2 that enforces identity for voicing. The set of underlying forms contains the voiceless stop /ta/. The generating
function pairs it up with the two candidates [ta] and [da]. If the two constraints C1 and C2 are allowed to take
on negative weights (say θ1 = −3 and θ2 = −1), then the corresponding HG grammar maps the voiceless stop to
a voiced one. This contradicts a crucial tenet of constraint-based phonology: unfaithful mappings should always
yield a gain in markedness.
Despite the fact that the non-negativity condition (6) is crucial from the perspective of HG’s typological predictions, the Perceptron update rule (4) used in the current HG literature does not in any way guarantee that the
current and final weights entertained by the algorithm satisfy this non-negativity condition (6). Even if the current
weights are initialized to large initial values, there is no guarantee that they will never drop below zero, as the
number of updates — and thus in particular the number of demotions (4b) — crucially depends on the size of the
initial weights. Furthermore, certain modeling applications have been argued to require certain constraints to start
with null initial weights, namely to start right on the edge of the forbidden zone (for instance, Jesney and Tessier
2011 argue that input-output faithfulness constraints need to start with null initial weights, in order to prevent
gang up effects that would lead to phonotactically unrestrictive final rankings). In conclusion, the Perceptron
reweighing rule (4) does not yield a proper HG error-driven learner. The rest of this section develops a solution to
this problem.3
2.3. The truncated Perceptron reweighing rule
I propose to switch from the original Perceptron update rule (4) to the truncated Perceptron update rule (7).
The two update rules coincide as long as the current weights stay non-negative. But when the original update
rule (4) would demote a certain weight below zero, the truncated rule (7) leaves that weight unchanged;4 for an
illustration, see below (10).
(7)

a. Increase the current weight of each winner-preferring constraint by 1;
b. decrease the current weight of each loser-preferring constraint by 1. . .
. . . unless that would make that weight negative, in which case do not modify that weight.

Theorem 1 guarantees that the original Perceptron (4) can only make a finite number of errors and furthermore
provides an error-bound in terms of certain geometric properties of the data. What about the truncated Perceptron
(7)? Suppose that the current weights are all initialized to zero. The Perceptron update rule will then perform lots
of demotions below zero that the truncated Perceptron is forbidden to mimic. As a result, the learning dynamics of
the original Perceptron will turn out to be quite different from the learning dynamics of the truncated Perceptron.
Is there any way to extend the theoretical guarantees that hold for the original Perceptron to its truncated variant?
To gain some insight into the problem, let’s consider a concrete example. Suppose that the constraint set consists
of the three constraints C1 , C2 , and C3 in (8a). Constraints C1 and C2 are faithfulness constraints for voicing,
growth of the Perceptron error-bound. The formulation of the bound in (5) thus allows me to focus on the crucial characters (namely,
the margin and the number of constraints), leaving the details for appendix A.4, which recalls the general error-bound for arbitrary
(not necessarily binary) constraints.
3A different solution to this problem is to use the Winnow instead of the Perceptron algorithm (Littlestone 1988). In fact, Winnow
adopts a multiplicative update rule (rather than the Perceptron’s additive update rule) and therefore effectively keeps the weights
non-negative. Yet, convergence guarantees for Winnow only hold when the amount of reweighing (also called the plasticity or the step
size of the reweighing rule) has been properly chosen in a way that crucially depends on certain geometric properties of the training
data, namely their margin. Since of course the margin is not known beforehand, then the algorithm needs to be supplemented
with a procedure to estimate the margin online, making the overall implementation more complex. Despite this difficulty, it might
be worth exploring the use of the Winnow’s reweighing rule for HG error-driven learning. In fact, Boersma and Pater (to appear)
report simulation results with a reweighing rule which is very similar to Winnow’s one (it only differs because the current weights are
not normalized, contrary to what prescribed by Winnow). Although the variant tested in Boersma and Pater’s simulations has no
guarantees of convergence (normalization of the weights plays a crucial role in the Winnow’s convergence proof), they report that the
number of errors is significantly smaller than in the case of the Perceptron. Indeed, Winnow and the Perceptron have been compared
extensively in the Machine Learning literature (Kivinen, Warmuth, and Auer 1997), with the two update rules outperforming each
other on different types of data sets.
4A slight variant of (7b) is as follows: when decreasing a weight by 1 would make that weight negative, instead of leaving that weight
unchanged, set that weight equal to the smallest licit value, namely to zero. The analysis presented below trivially extends to this
variant as well.
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with C1 protecting obstruents in onset positions and C2 protecting obstruents in both onset and coda position.
Constraint C3 is a markedness constraint which militates against obstruent voicing. To keep things simple, assume
that the generating function is only allowed to change obstruent voicing. Thus, the underlying form /da/ comes
with only two candidates [da] and [ta], as stated in (8b).


(8) a.  C1 = Ident[voice]/Onset 
b. Gen(/da/) = {[da], [ta]}
C2 = Ident[voice]


C3 = *[+voice]
Suppose that at a certain iteration of the HG learner, the current weight of constraints C1 is null, thus barely
satisfying the non-negativity condition (6). Suppose instead that the current weights of constraints C2 and C3
are positive, say equal to 7 and 3 respectively, as in the weight vector on the left hand side of (9). Suppose
furthermore that the target grammar the learner is trained on does not allow for voiced obstruents, not even in
onset position. At the current iteration of step (2a), the learner is thus fed the underlying form /da/ together with
the corresponding intended winner [ta], as indicated by the label on top of the arrow in (9). As the only other
candidate for this underlying form is the faithful form [da], the algorithm picks the latter as the intended loser at
step (2b). The markedness constraint C3 is winner-preferring in this case and its current weight θ3 = 3 is not larger
than the sum θ1 + θ2 = 7 of the weights of the two loser-preferring faithfulness constraints C1 and C3 . Condition
(3) therefore fails in this case and the learner needs to update its current weights at step (2d).




(9)
0
−1
C1
(/da/, [ta])
 6 
C2  7 
C3
3
4
The original Perceptron update rule (4) prescribes that the the weights of the two loser-preferring constraints C1
and C2 each be decreased by 1 while the weight of the winner-preferring constraint C3 be increased by 1, obtaining
the updated weight vector on the right hand side of (9). As a result of this update, the weight of the loser-preferring
constraint C1 has dropped down to the negative value θ1 = −1, violating the non-negativity condition (6). If this
were the final update performed by the learner, then it would have effectively learned completely useless weights.
The update according to the truncated Perceptron update rule (7) in the scenario just considered would instead
go as in (10). The weight of the winner-preferring constraint C3 is increased by 1 and the weight of the loserpreferring constraint C2 is decreased by 1, just as in the case of the original Perceptron. The crucial difference is
that the weight of constraint C1 is left unchanged in order to prevent that weight from turning negative, despite
the fact that constraint C1 is loser-preferring.




(10)
0
0
C1
(/da/, [ta])
 6 
C2  7 
C3
4
3
Crucially, the update (10) by the truncated Perceptron can be perfectly mimicked with two updates by the original
Perceptron, as in (11). At the first update (11a), we run the original Perceptron on the current piece of data just
as in (9). Thus in particular, the weight of the loser-preferring constraint C1 is demoted to −1, as in (11a).




(11)
0
0
C1
(/da/, [ta])
 6 
C2  7 
C3
4
3

(/da/, [ta])

|

{z

(a)


−1
 6 
4
} |

“dummy”piece of data where C1 is the only
winner-preferrer and there are no loser-preferrers

{z

(b)

}

Immediately afterwards, we feed the original Perceptron with a “dummy” piece of data whereby constraint C1 is
the only winner-preferring constraint and there are no loser-preferring constraints. The update condition (3) fails:
the right hand side is null (because there are no loser-preferring constraints) and the left-hand side is negative
(because C1 is the only winner-preferring constraint, and its current weight θ1 = −1 is negative). The original
Perceptron thus updates these current intermediate weights as in (11b): the weight of C1 is increased by 1 back to
zero, and no other weights are modified.
The reasoning just illustrated on a concrete example extends rather straightforwardly to the general case. An
update according to the truncated Perceptron reweighing rule (7) can thus always be mimicked through two updates
according to the original Perceptron reweighing rule (4), namely the update triggered by the actual piece of data
followed by another update triggered by a dummy piece of data whose only purpose is to undo the illicit demotions
that yielded negative weights. Of course, these dummy pieces of data have no phonological meaning. They are
just artificial data used in the analysis (not in the simulations!) of the truncated Perceptron reweighing rule.
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These dummy pieces of data have the property that they have winner-preferring constraints but no loser-preferring
constraints. They thus turn out to be always consistent with the actual data: if the actual training data is consistent
with some HG grammar, adding these dummy data does not disrupt consistency (see appendix C.2 for details).
Let me take stock. The convergence theorem 1 for the original Perceptron reweighing rule ensures convergence
whenever the training data are consistent. A run of the truncated Perceptron can be mimicked by a run of the
original Perceptron on the training data extended with dummy data. Furthermore, this extended set of data is
consistent. The convergence theorem 1 for the original Perceptron thus yields the analogous convergence theorem 2
for the truncated Perceptron. Appendix A.1 describes the truncated Perceptron algorithm with arbitrary (namely,
not necessarily binary) constraints; appendix A.4 provides a general statement of theorem 2; and appendix C.2
formalizes the reasoning sketched above into an actual proof.
Theorem 2. The HG error-driven learner (2) with the truncated Perceptron reweighing rule (7) converges: whenever trained on data consistent with some HG grammar, it can only perform a finite number of errors, before
converging to non-negative final weights which are guaranteed to be consistent with the target grammar, so that no
further updates are triggered and learning ceases. Furthermore, the number of errors made before converging can
be bound as follows
(12)

number of errors ≤

n2
2
margin of the training plus dummy data

in terms of the number n of constraints and a quantity that captures the crucial geometric property of the training
plus dummy data, namely their conjoined margin.

The error-bound (12) for the truncated Perceptron depends on the margin of the training plus dummy data while
the error-bound (5) for the original Perceptron depends on the margin of the training data only. As it is clear from
the geometric definition of the margin provided in Appendix A.3, the margin of the training plus dummy data is
in general smaller than or at most equal to the margin of the training data only. This means in turn that the
error-bound (12) for the truncated Perceptron is worse than (namely, at least as large as) the error-bound (5) for
the original Perceptron. This is consistent with the fact that the truncated Perceptron performs more errors than
the original Perceptron in the simulations reported below in section 3.
2.4. Summary
This section has addressed the issue of the proper implementation of the error-driven learning scheme (1) within
the HG version of constraint-based phonology. Different implementations of HG error-driven learning differ for their
reweighing rule. The standard choice in the current HG computational literature is the Perceptron reweighing rule.
Yet, that reweighing rule is not suited to HG, as it does not guarantee non-negativity of the weights, which is a
crucial ingredient of the definition of HG grammars. I have thus considered a variant of the original Perceptron
reweighing rule, whereby the updates are “truncated” at zero, thus enforcing non-negativity of the current and final
weights. I have then argued that convergence guarantees of the original Perceptron extend to the truncated variant,
as a run of the latter can be mimicked by a run of the former on that same training data extended with certain
dummy data used to “undo” the truncated updates. Now that HG has been endowed with a proper error-driven
learner, we can ask the question of its computational quality in comparison with error-driven learning within other
frameworks for constraint-based phonology, such as OT. This is the goal of the rest of this paper.
3. Error-driven learning in HG is much slower than in OT
In this section, I briefly recall the OT implementation of the error-driven learning scheme (1) and compare it
with the HG implementation developed in the preceding section from the perspective of converge and error-bounds.
3.1. OT error-driven ranking algorithms
Within OT, the typology of grammars is parameterized by rankings over a given set of n phonological constraints
C1 , . . . , Cn . As noted in Boersma (1997, 1998), rankings can be given a numerical representation, as follows.
Each constraint Ck is assigned a numerical ranking value θk . These ranking values are collected into an n-tuple
θ = (θ1 , . . . , θn ), called a ranking vector. A constraint ranking  is consistent with a ranking vector θ provided
it satisfies the ordering induced by the relative size of the ranking values, in the sense that a constraint Ch is
ranked above a constraint Ck according to  whenever the ranking value θh of the former is larger than or equal
to the ranking value θk of the latter. Once rankings are given such a numerical representation, the typology of
OT grammars can be parameterized through ranking vectors. The informal error-driven learning scheme (1) can
thus be formalized within OT with the same algorithmic scheme (2) used for the HG implementation. Obviously,
the current numerical vector θ entertained by the algorithm is interpreted differently, namely not as the weight
vector corresponding to an HG grammar but as the ranking vector corresponding to (a ranking corresponding to)
an OT grammar. As a consequence of this different interpretation, the update condition checked at step (2c) and
the update rule used at step (2d) are different in the OT implementation, as detailed below.
At step (2c), the algorithm checks whether its current hypothesis manages to make the intended winner y beat
the intended loser z. In terms of rankings, this condition requires the top ranked among the winner-preferring
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constraints to be ranked above the top ranked among the loser-preferring constraints. Translated in terms of
ranking values, this condition requires the largest ranking value among winner-preferring constraints to be larger
than the largest ranking value among loser-preferring constraints, as stated in (13), where again W (and L) stands
for the set of winner-preferring (loser-preferring, respectively) constraints.
(13)

max θh > max θk

h∈W

k∈L

This condition (13) says that the constraints which prefer the winner y “outperform” the constraints which instead
prefer the loser z, in the sense that the largest ranking value among the former constraints is strictly larger than
the largest ranking value among the latter constraints (see also Boersma 2009).
Failure of condition (13) suggests that the ranking values of the loser-preferring (winner-preferring) constraints
are too large (too small, respectively). Following Tesar and Smolensky (1998), Boersma (1998, p. 323-327), and
Magri (2012b), we thus entertain the update strategy in (14): the winner-preferring constraints are promoted by
a small promotion amount while the loser-preferring constraints are demoted by a small demotion amount. What
really matters is not the actual values of the promotion and demotion amounts, but rather their ratio. Thus, I set
the demotion amount equal to 1, and let the promotion amount take on an arbitrary non-negative value p ≥ 0.
Crucially, the demotion component (14b) of the re-ranking rule does not demote all loser-preferring constraints,
but only those that really need to be demoted, namely those loser-preferring constraints which are not currently
ranked underneath a winner-preferring constraint and are therefore called undominated.
(14)

a. Increase the current ranking value of each winner-preferring constraint by p ≥ 0;
b. decrease the current ranking value of each undominated loser-preferring constraint by 1.

The algorithm (2) with the update condition (13) at step (2c) and the re-ranking rule (14) at step (2d) is called
an OT error-driven ranking algorithm.
Let me take stock. Error-driven learning in OT and HG boils down to the same algorithmic scheme (2). The
two implementations only differ for the update condition used at step (2c) and the update rule used at step (2d).
Under the assumption that the constraints are binary, the update condition used in the HG implementation boils
down to (3), which onlyP
differs from the update condition (13) used in the OT implementation because the former
uses the sum operator ( ) while the latter uses the maximum operator (max). Furthermore, under the assumption
that the constraints are binary, the (original or truncated) Perceptron update rule used in the HG implementation
boils down to (4)/(7), which again differs only minimally from the update rule (14) used in the OT implementation.
The first difference between the two update rules is that all loser-preferring constraints are treated on a par in
the HG implementation, while in OT we distinguish between dominated and undominated loser-preferrers. The
second difference is that the promotion amount is set once and for all equal to the demotion amount in the HG
implementation, while it needs to be carefully calibrated in the case of OT (see below theorem 3). If the constraints
are not binary, then this strong parallelism between OT and HG error-driven learning is broken, as the HG update
condition (3) and the HG update rule (4)/(7) take on the more complex shape in (33) and (34) in appendix A,
which involve the actual numbers of constraint violations.
3.2. Review of error-bounds for error-driven ranking algorithms
In section 2, we have looked at convergence guarantees and error-bounds for error-driven learning in HG.
This subsection reviews what is currently known concerning error-driven learning in OT. At each iteration, let
w be the number of winner-preferring constraints, which will be promoted by the promotion component (14a) of
the re-ranking rule. Let ` be the number of loser-preferring constraints undominated according to the current
ranking values, which will be demoted by the demotion component (14b) of the re-ranking rule. Let the calibration
threshold be the ratio `/w between these two numbers. The following theorem 3 says that the OT error-driven
learner converges efficiently if and only if the promotion amount p used in the promotion component (14a) of the
re-ranking rule is calibrated, namely it is strictly smaller than this calibration threshold. In this case, the errorbound (15) grows quadratically in the number n of constraints. Theorem 3 thus provides an exhaustive theory of
convergence for OT error-driven learning.
Theorem 3. (I) If the promotion amount is strictly smaller than the calibration threshold (i.e., p < `/w), then the
OT error-driven learner converges: whenever trained on data consistent with some OT grammar, it can only perform
a finite number of errors, before settling on a final ranking vector. Any constraint ranking which is consistent with
these final ranking values (namely, which satisfies the ranking conditions induced by their relative size) is consistent
with the target grammar. Furthermore, the algorithm is efficient, as the number of errors made before converging
can be bound as follows:
(15)

number of errors ≤

n2
calibration of the promotion amount

in terms of the number n of constraints and a quantity that depends on the promotion amount, called its calibration.
(II) If the promotion amount coincides with the calibration constant (i.e., p = `/w), then the OT error-driven
learner again converges, namely can only make a finite number of errors when trained on data consistent with some
OT grammar. Yet, efficiency is lost: it is possible to construct cases where the number of errors grows exponentially
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with the number of constraints, so that the algorithm is unfeasible for realistic constraint sets. (III) If the promotion
amount is strictly larger than the calibration constant (i.e., p > `/w), then converge is lost as well: it is possible to
construct cases where the OT error-driven learner makes an infinite number of errors.

Claim (I) for p = 0 is due to Tesar and Smolensky (1998) (see also Boersma 1997, pp. 323–327 and Boersma 2009);
its extension to the case p < `/w is due to Magri (2012b,a), together with claim (II); finally, claim (III) is due to
Pater (2008). See Appendix B.2 for a more precise formulation of the error-bound (15). The latter error bound
is tight for a null promotion amount p = 0; Magri (2013a) provides improved error-bounds for the case p 6= 0
under additional assumptions on the training data. Theorem 3 analyzes error-driven learning under the idealized
assumption that the data fed to the algorithm are all consistent with at least a grammar in the typology. A more
realistic setting needs of course to allow for the possibility that a small portion of the data fed to the algorithm
could have been corrupted by transmission noise or speech errors. Magri (2013a) shows that in this case the number
of errors made by the OT error-driven learner with a calibrated re-ranking rule can be bound as follows:
(16)

number of errors ≤

n2
calibration
|
{z
}
(a)

+

n

× number of corrupted data

calibration
|

{z

}

(b)

in terms of the number n of constraints, the number of corrupted data, and the calibration of the promotion amount
used in the re-ranking rule. The term (16a) coincides with the bound (15) on the number of errors in the consistent
setting and the term (16b) thus expresses the additional number of errors due to the corrupted data. Crucially,
this additional term grows only linearly in the number n of constraints, ensuring that the learner is robust to noise.
3.3. Comparison
Error-driven learning is an algorithmic scheme with quite limited resources: the learner has access only to one
piece of data at the time and needs to make instantaneous decisions without being able to evaluate the implications
of those decisions for the rest of the training data. For this reason, the learner is allowed to make a certain number of
errors before eventually succeeding. The number of errors quantifies the intrinsic difficulty of error-driven learning.
Converge guarantees ensure that the number of errors made by the learner cannot be infinite. Yet, there is little
practical difference between the number of errors being infinite and it being finite but astronomically large: in
either case, the algorithm is useless, both from a computational and a modeling perspective. The fundamental
questions addressed by the theory of error-driven learning in constraint-based phonology can thus be informally
stated as follows: how large is the number of errors made by the learner? Does the number of errors depend on
the choice between the HG and the OT implementation of error-driven learning? In that case, which of the two
implementations makes the smallest number of errors and thus copes best with the intrinsic difficulty of error-driven
learning?
Here is a way to state these questions explicitly. Of course, the number of errors made by the learner should
be allowed to grow with the complexity of the learning task. In constraint-based phonology, the simplest measure
of the complexity of the learning task is plausibly the number of constraints that the learner needs to rerank or
reweigh. In principle, two scenarios might arise. According to one scenario, the number of errors grows as a
function of the number of constraints but only slowly (namely, polynomially), so that the number of errors remains
feasible also for realistically large constraint sets. According to the opposite scenario, the number of errors grows
instead very fast (namely, exponentially) with the number of constraints, so that the number of errors is already
astronomically large for realistic constraint sets. The fundamental questions of the theory of error-driven learning
in constraint-based phonology can thus be formalized as follows: how fast does the number of errors grow with the
number of constraints in the case of the OT and the HG implementation of error-driven learning? which of the two
implementations yields the slowest growth of the number of errors and thus copes best with the intrinsic difficulty
of error-driven learning?
Let me start with the case of the OT error-driven learner. Theorem 3 provides an explicit bound (15), repeated
in (17), on the number of errors that the algorithm can make, even in the worst-case scenario of the most adversarial
training sequence. This bound is the product of two factors. The first factor (17a) is the square of the number
n of constraints. The second factor (17b) involves a constant which captures a crucial property of the promotion
amount, namely its calibration.
(17)

number of errors made by the OT learner ≤

1
n2 ×
calibration of the promotion amount
| {z }
|
{z
}
(a)

(b)

The calibration constant which appears in the second factor (17b) of the OT error-bound does not depend on the
data and thus in particular does not depend on the number n of constraints. Thus the OT error-bound depends
on the number n of constraints only through the quadratic factor (17a). In conclusion, the whole OT error-bound
grows slowly (namely, quadratically) with the number of constraints. This means in turn that the OT learner is
efficient also for realistically large constraint sets even in the worst-case scenario of the most adversarial training
sequence. I thus conclude that the OT implementation of constraint-based phonology is well suited to support
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error-driven learning: the OT framework is able to boost the limited computational resources of the error-driven
learning scheme, making good theoretical guarantees nonetheless possible.
Let me now turn to the case of the HG error-driven leaner. Theorems 1 and 2 provide the explicit bounds
(5) and (12) on the number of errors made by the HG error-driven learner with the original and the truncated
Perceptron reweighing rule. These bounds are summarized in (18), which again consists of the product of two
factors. The first factor (18a) is the square of the number n of constraints. The second factor (18b) involves the
margin of either the training data (in the case of the original Perceptron) or the training plus the dummy data (in
the case of the truncated Perceptron).
(18)

number of errors made by the HG learner ≤

n2
| {z }
(a)

×

1
2
margin of the data
|
{z
}
(b)

The HG error-bound (18) looks superficially analogous to the OT error-bound (17). In both cases, the first factor
(17a) and (18a) grows slowly (namely, quadratically) with the number of constraints. Yet, the two error-bounds
are substantially different. In fact, the second factor (17b) in the OT bound does not depend on the number of
constraints, as just noted. Instead, the margin which appears in the second factor (18b) of the HG error-bound
crucially depends on the data and thus in particular on the number n of constraints. In other words, the HG
error-bound depends on the number n of constraints through both factors (18a) and (18b). Because of this fact,
although the first factor (18a) of the HG error-bound grows only quadratically in n, the entire error-bound can
grow mush faster than quadratically. Indeed, consider a scenario where the (squared) margin decreases very fast
(namely, exponentially). This means in turn that the second factor (18b) grows very fast (namely, exponentially),
trumping the slow (namely, quadratic) growth of the first factor (18a). The overall error-bound thus grows very
fast (namely, exponentially) and becomes astronomically large already for constraint sets of a realistic size. In
this scenario, the error-bound (18) provides no guarantees of practical efficiency. Simulation results are needed
in order to determine whether the fast growth of the error-bound is due to a looseness of the analysis (so that a
tighter error-bound with a slower growth is possible) or whether instead the number of errors effectively made by
the algorithm grows exponentially fast in the worst-case, thus matching the error bound.
In the rest of this section, I present a case which indeed illustrates the latter scenario. Indeed, the margin
decreases very fast (namely, exponentially) in this counterexample, allowing the number of errors made by the HG
error-driven learner (with both the original and the truncated Perceptron update rule) to grow very fast (namely,
exponentially) with the number of constraints. So fast that over five million errors are made by the HG error-driven
learner to learn the weights of just ten constraints (contrary to less than fifty errors made by the OT error-driven
learner!). Crucially, the constraint set considered in this counterexample has the property that the corresponding
typologies according to HG and OT exactly coincide. The inefficiency of the HG error-driven learner thus cannot
be due to the fact that the algorithm is exploring a larger typology. In other words, even if the typologies predicted
for a given constraint set by OT and HG turn out to be identical (as recently argued to be often the case in Pater
2009), the OT parameterization of the typology still outperforms the HG one from the perspective of error-driven
learning.
To start, consider the case with n = 5 constraints C1 , C2 , C3 , C4 , and C5 . Assume there is a unique underlying
form x which comes with five candidates, called y and z1 , z2 , z3 , and z4 . As usual, constraint violations are
described by the number of stars in (19). The OT and HG typologies (computed with OT-Help; Staubs, Becker,
Potts, Pratt, McCarthy, and Pater 2010) corresponding to this constraint set coincide: they both consist of five
grammars, one for each mapping of the underlying form to one of the five candidates. In other words, the mode of
constraint interaction has no typological effects in this case. Assume that the error-driven learner is trained on the
target grammar which maps the underlying form x into the winning candidate y, which therefore beats the four
other losing candidates z1 , z2 , z3 , and z4 .5
(19)
Input: /x/
a.

y

b.

z1

c.

z2

C1

C2

C3

C4

C5

∗∗∗

∗∗∗

∗∗

∗

∗∗∗∗

∗∗∗

∗

∗∗∗

∗∗

∗
∗∗∗∗

d.

z3

∗∗∗

∗∗∗∗

e.

z4

∗∗∗

∗∗∗

∗∗
∗∗∗

In order to study the growth of the number of errors made by error-driven learners as a function of the number
n of constraints, the desired counterexample needs to contain a constraint set of cardinality n for each n. The
extension from the case n = 5 to the case of an arbitrary number n of constraints is rather straightforward, once
5The constraints defined in (19) are not binary (the number of violations can be larger than one), contrary to what assumed

throughout this paper in order to keep the notation simple. Thus, in the HG simulations reported below, I am using not the update
condition (3) and the update rules (4)/(7) but their generalizations from binary to gradient constraints provided in appendix A.
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the counterexample is described through elementary ranking and weighting conditions (Prince 2002; Magri 2013b),
as explained in appendix B.1.
For each choice of the number n of constrains between 5 and 10, I have run the OT error-driven learner ten times
on the corresponding counterexample; see appendix B.2 for simulation details and results. The solid line in (20)
plots the largest number of errors6 (vertical axis) performed by the algorithm over the ten runs as a function of the
number n of constraints (horizontal axis). To get a sense of the scale of the increase of the number of errors with
the number n of constraints, the dashed line in (20) plots the error-bound (17), which boils down to the function
n(n − 1), as computed in appendix B.2.
(20)

number of errors

80

60

40

20

5

6

7

8

9

10

number of constraints

As guaranteed by the convergence theorem 3 for OT error-driven learning, we see in (20) that the number of errors
grows slowly with the number of constraints, so slowly that less than fifty errors suffice to reach convergence in the
case corresponding to n = 10 constraints.
The behavior of the HG error-driven learner is very different. The margin of the training data (as computed in
appendix C.4) decreases very fast (namely, exponentially) with the number n of constraints. The squared inverse
margin (18b) in the HG error-bound thus increases very fast, as plotted in (21a). The whole HG error-bound (18)
thus becomes meaningless, as it would be compatible with the HG error-driven learner performing an astronomical
number of errors. And indeed, that turns out to be the case. The solid and dashed lines in (21b) plot the largest
number of errors made by the HG error-driven learner over ten runs, with the original Perceptron update rule (4)
and the truncated variant (7), respectively.7 These plots clearly shows that the number of errors made by the HG
error-driven leaner grows exponentially with the number of constraints. Indeed, the case with just ten constraints
already forces the algorithm to perform over five million errors before reaching convergence.
(21)

·106

a.

·106

b.
6
number of errors

4

margin

3

2

4

2

1
0

0
5

6

7

8

number of constraints

9

10

5

6

7

8

9

10

number of constraints

This counterexample can be strengthened further, as follows. The HG error-bound (18) provides an upper bound
on the worst-case number of errors: it guarantees that the number of errors can never be larger than a certain
quantity, not even when trained on the worst, most adversarial training sequence. As explained in appendix C.5,
in the case of the original Perceptron reweighing rule, it is possible to compute also a lower bound on the best-case
number of errors: it guarantees that the number of errors needed to reach convergence can never be smaller than
a certain quantity, not even when trained on the best, most favorable training sequence.8 This lower-bound on
the best-case number of errors is plotted with a dotted line in (21b), showing that even the best-case number of
6 I plot the largest number of errors over the ten runs (rather than, say, the mean number of errors or the smallest number of errors)

because the perspective adopted in this paper is that of error-bounds, namely the worst-case number of errors.
7Consistently with the worst-case perspective adopted in this paper, I plot in (21b) the largest number of errors made by the HG
learner over the ten runs (see also footnote 6). But the plot of the smallest number of errors is almost indistinguishable.
8The technique used in appendix C.5 to compute a lower-bound on the best-case number of errors for the HG learner with the
original Perceptron reweighing rule does not extend in any straightforward way to the truncated variant.
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errors grows exponentially in the number of constraints. I conclude that the OT error-driven learner substantially
outperforms HG error-driven learners such as the (original and truncated) Perceptron from the perspective of
worst-case error-bounds.
3.4. Discussion
How does the conclusion reached at the end of the previous subsection square with the good performance
of the Perceptron reported in the Machine Learning and Computational Linguistics literature? For instance,
to advocate the use of the Perceptron as an HG error-driven learner, Boersma and Pater (to appear) mention
its successful application to large data sets in Computational Linguistics, as demonstrated for instance in Collins
(2002). Furthermore, Mohri et al. (2012, p. 168) state that “the kernel Perceptron algorithm [. . . ] is commonly used
[. . . ] in a variety of applications” in Machine Learning. Indeed, Pater (2009) advocates the HG implementation
of constraint-based phonology in particular because it can rely on this Computational Linguistics and Machine
learning literature: “one broad argument for weighted constraints [. . . ] is that weighted constraints are compatible
with existing well-understood algorithms for learning variable outcomes and for learning gradually [. . . ]” (p. 1021).
It turns out that there is no contradiction at all between the conclusion reached at the end of the previous
subsection and the results reported in the Machine Learning and Computational Linguistics literature on the
Perceptron. In fact, the latter literature has looked at a variant of the Perceptron called the kernel (dual) Perceptron.
This is indeed the version of the Perceptron mentioned in the preceding quote from Mohri et al. (2012) and tested in
Collins (2002). Unfortunately, the kernel Perceptron is not an error-driven algorithm. This variant of the Perceptron
thus has nothing to do with the error-driven learning scheme investigated in this paper. The conclusions reached
in the Machine Learning and Computational Linguistics literature concerning the kernel Perceptron are therefore
irrelevant to the topic of this paper, namely the development of proper error-driven learners. In the rest of this
subsection, I elaborate on this point.
The Perceptron convergence theorem 1 provides an error-bound for the Perceptron which depends on the margin
of the training data, which can be interpreted as a measure of their “degree of consistency” with a target HG
grammar. Unfortunately, it is easy to construct cases where the margin of the training data goes to zero very
fast with n, as in the counterexample constructed in subsection 3.3. In these cases, the number of errors made
by the Perceptron can — and indeed does — grow very fast. Indeed, the Machine Learning and Computational
Linguistics literature is concerned with applications where the margin of the training data is not only small but
actually “negative”, as the data usually fail to be consistent. A state-of-the-art solution to this problem is provided
by the kernel method (Schölkopf and Smola 2002). The core idea is to run the learning algorithm not on the
original training data of dimension n but rather on derived data obtained by embedding the original data into a
space of a much higher (possibly infinite) dimension N . The advantage is that increasing the dimension boosts the
margin: a training set which is inconsistent or has a small margin in the original n-dimensional space usually yields
derived data with a large margin in a space of larger dimension N . The obvious disadvantage is that increasing
the dimension worsens the computational burden: in general, it will take longer to perform a certain operation in
a space of larger dimension N than in the original space of smaller dimension n.
Quite surprisingly, it turns out that there are some cases where you have your cake and it too. Indeed, if the
derived N -dimensional space is linked to the original n-dimensional space through a so called kernel function, then
some algorithmic operations on the derived N -dimensional training data can be easily computed just in terms of
the original n-dimensional data. We are thus interested in algorithms that only perform operations which have this
special property. Such algorithms are called kernelizable. In other words, an algorithm is kernelizable if it can be
run on a high-dimensional space boosting the margin of the data without losing anything in terms of computational
efficiency. Unfortunately, the Perceptron is not kernelizable. Yet, it turns out that the Perceptron admits a dual
formulation which is equivalent to the original primal Perceptron, in the sense that the two algorithms walk through
the same sequence of weight vectors and learn the same final vector when trained on the same sequence of data.
And crucially, this dual variant of the Perceptron turns out to be kernelizable. It is for this reason that the Machine
Learning and Computational Linguistics literature has indeed focused on this kernel dual Perceptron.
What allows the dual, but not the primal, Perceptron to undergo kernelization is a richer representation of its
past learning history. The primal Perceptron maintains an extremely impoverished summary of its past learning
history. In fact, it does not keep track of the updates that have been previously performed nor of the training data
that triggered those updates. The only memory of that past learning history consists of the way those past updates
have shaped the current weight vector. In order to allow kernelization, the dual Perceptron instead maintains a
richer history of its past experience. Indeed, it needs to store the (finite) set of training data and for each piece of
training data it needs to maintain a counter (called a dual variable) of the number of times that piece of data has
triggered an update up to that time in the run. We can summarize this difference between the primal and the dual
Perceptron by saying that only the former, but not the latter, qualifies as an error-driven learning algorithm. This
difference between the two implementations is of course irrelevant from the engineering perspective of the Machine
Learning and Computational Linguistics literature.
Unfortunately, this difference between the primal and the dual implementation of the Perceptron does have a
crucial importance from a cognitive modeling perspective. In fact, certain aspects of the target phonology are
plausibly acquired before the development of the native language lexicon. The early acquisition of the native
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phonotactics is one such paradigmatic case (Hayes 2004). In order to model these early acquisition stages, we
need special learning algorithms that do not need to store and act upon the entire lexicon. Error-driven learning
algorithms stand out as particularly suited to this task. For instance, OT error-driven ranking algorithms and the
HG error-driven Perceptron algorithm described above do not need any access to the lexicon, as the updates are
performed instantaneously based on the current piece of data and they do not keep track of the updates that have
been previously performed nor of the training data that triggered those updates. The case of the dual Perceptron is
different, as it needs access to the entire lexicon in order to index its dual variables. The dual Perceptron therefore
is not an error-driven algorithm and does not qualify as a proper model of the early stages of language acquisition,
namely those stages which happens before the development of the native language lexicon.
3.5. Summary
The informal error-driven learning scheme (1) can be implemented within a variety of grammatical frameworks.
In this section, I have compared the OT and HG implementations from the perspective of the following question:
what is the number of errors made in the worst possible case, namely when trained on the most adversarial training
sequence? The answer to this question developed in this section has three parts. First, I have noted that the errorbound for the OT implementation outperforms the error-bound for the HG implementation (with both the original
and truncated Perceptron reweighing rules), as only the OT error-bound grows slowly (namely, quadratically) in
the number of constraints. Second, I have reported simulation results where the HG and OT typologies coincide
and yet the HG learner makes over five million errors with just ten constraints, which compares poorly with the less
than fifty errors made by the OT learner. Third, I have argued that the poor performance of the HG learner with
the original and truncated Perceptron reweighing rule does not contradict the good performance of the Perceptron
reported in the Machine Learning and Computational Linguistics literature, as the latter literature has looked at
an implementations of the Perceptron which is not error-driven, and thus does not bear on the issue of the proper
implementation of error-driven learning addressed in this paper.
4. Stochastic error-driven learning is much slower in HG than in OT
The implementation of error-driven learning schematized in (1) is called deterministic, to distinguish it from the
stochastic implementation schematized in (22). The latter differs because the current piece of data (say, datum 1)
is compared not with the current grammar (say, G1 ) but with a variant of that current grammar (say, G01 ) which
is sampled at random (according to a certain probability distribution defined on the space of grammars) from a
small neighborhood centered around the current grammar (depicted here as a dashed circle centered at G1 ).
(22)

datum 1

datum 2

datum 3

G02
G2
G01

G03
G3

G1
Various authors have explored the modeling implications of stochastic error-driven learning for modeling language
variation and gradient acceptability judgments (Boersma 1997, 1998; Boersma and Hayes 2001; Coetzee and Pater
2008, 2011; Coetzee and Kawahara 2013; Boersma and Pater to appear). In this subsection, I thus compare the
OT and HG implementations of this stochastic variant of error-driven learning.
4.1. Stochastic error-driven learning in HG and OT
The informal stochastic error-driven learning scheme (22) can be formalized as follows in HG and OT. According
to the original deterministic implementation (2), the error-driven learner maintains a current grammar represented
through a (weight or ranking) vector θ = (θ1 , . . . , θn ) and checks at step (2c) whether this current grammar needs
to be updated or whether instead it already manages to make the current intended winner beat the current intended
loser. In the case of HG (under the assumption of binary constraints), this update condition boils down to (3),
repeated in (23a). In the case of OT, the update condition boils down to (13), repeated in (23b).
(23)

a.

HG
update condition:
X deterministic
X
θh −
θk > 0
h∈W

b. OT deterministic update condition:
max θh − max θk > 0
h∈W

k∈L

k∈L

The only innovation of the stochastic variant of error-driven learning is that at step (2c) it samples a stochastic
vector  = (1 , . . . , n ), namely a collection of n numbers 1 , . . . , n drawn independently from each other according
to a certain underlying probability distribution. It adds component-wise this stochastic vector  to the current
(weight or ranking) vector θ, obtaining the vector θ +  = (θ1 + 1 , . . . , θn + n ). And it checks the update condition
not for the current grammar corresponding to the current (weight or ranking) vector θ, but for the stochastic
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variant of that grammar which corresponds to the (weight or ranking) vector θ + . In other words, the algorithm
checks the update conditions (24), which are the original conditions (23) applied to θ +  rather than to θ.
(24)

a.

HG
X stochastic update
X condition:
(θh + h ) −
(θk + k ) > 0
h∈W

b. OT stochastic update condition:
max(θh + h ) − max(θk + k ) > 0
h∈W

k∈L

k∈L

By rearranging the stochastic numbers on the right hand side of the inequalities, conditions (24) can be brought
into the shape (25). The value HG which appears on the right hand side of (25a) is the sum of those stochastic
values 1 , . . . , n which correspond to loser-preferring constraints minus the sum of those stochastic values which
correspond to winner-preferring constraints. The value OT which appears on the right hand side of (25b) is the
difference between the stochastic value corresponding to the top loser-preferring constraint minus the stochastic
value corresponding to the top winner-preferring constraint.9
(25)

a.

HG
X stochastic
X update condition:
θh −
θk > HG
h∈W

b. OT stochastic update condition:
max θh − max θk > OT
h∈W

k∈L

k∈L

The algorithm (2) with the update conditions (24)/(25) at step (2c) is called the stochastic error-driven learner.
To complete the description of HG and OT stochastic error-driven learning, we need to specify the probability
distribution used to sample the stochastic vector  = (1 , . . . , n ). Starting with seminal work by Boersma (1997,
1998), the literature has used a gaussian distribution with zero mean and a small variance σ. Since the normal
distribution is symmetric, the stochastic value k and its opposite −k have the same probability. Furthermore,
since the tails of the normal distribution decrease exponentially fast, the stochastic value√k is bounded between
−∆ and ∆ with high probability (which of course depends on ∆). For instance, if ∆ = 4σ 2, then the probability
that the stochastic value is bounded within −∆ and ∆ is 1.00000. From an analytical perspective, it is nonetheless
convenient to make the stochastic values deterministically bounded, rather than bounded with high probability.
One way to achieve that is to replace the gaussian distribution with a uniform distribution between −∆ and ∆,
plotted in (26a). If ∆ = 0, then all the numbers k are equal to 0 and the stochastic implementation of error-driven
learning thus coincides with the deterministic implementation. In other words, the constant ∆ measures the “size”
of the stochastic component of the stochastic implementation.
(26)

a.

b.

1
2∆

∆

∆

1
2∆

−2∆

2∆

Even though the uniform and the gaussian distribution are quite different, the choice between the two can hardly
have any effect on the behavior of the algorithm. In fact, the stochastic values 1 , . . . , n enter into the HG and
OT stochastic update conditions (25) never by themselves but only through the sum/difference of at least two of
them. And the sum/difference of two uniform random variables has the triangular distribution plotted in (26b),
which is quite close to a gaussian distribution. To keep the reasoning simple in the rest of this subsection, I assume
that the stochastic values 1 , . . . , n are indeed sampled according to the uniform distribution between −∆ and ∆,
and therefore can never be smaller than −∆ nor larger than ∆. The reasoning carries over with high probability
to the case where the stochastic values are sampled according to the gaussian distribution.
4.2. Error-bounds for stochastic error-driven learning in HG and OT
Since the stochastic values k cannot be larger than ∆, then the value HG which appears on the right hand
side of the stochastic HG update condition (25a) is bounded as well (and the bound depends on ∆). A comparison
between the deterministic HG update condition (23a) and the stochastic condition (25a) reveals that they are
basically identical, apart from the fact that zero on the right hand side of the former has been replaced in the
latter by a certain value HG which could be different from zero but still not too large. Since the deterministic
and stochastic implementations only differ for the update conditions and since the update conditions differ only
minimally, the convergence theorems 1 and 2 for the (original and truncated) deterministic Perceptron extend
straightforwardly to the (original and truncated) stochastic variant, as first noted in Boersma and Pater (to appear).
These considerations yield the following convergence theorem 4; see appendix C.3 for details.
Theorem 4. The stochastic HG error-driven learner (2) with the stochastic update condition (25a) and the (original
or truncated) Perceptron update rule (4)/(7) converges: whenever trained on data consistent with an HG grammar,
it can only perform a finite number of errors, before converging to final weights which are guaranteed to be consistent
with the target grammar, so that no further updates are triggered and learning ceases. Furthermore, the number of
errors made before converging can be bound as follows:
9More explicitly: 
HG =

X
k∈L

k −

X
h∈W

h and OT = k∗ − h∗ where θk∗ + k∗ = max θk + k and θh∗ + h∗ = max θh + h .
k∈L

h∈W
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(27)

n2

number of errors ≤

15

2 +

margin of the data
|
{z
}
(a)

2∆n
2
margin of the data
|
{z
}
(b)

in terms of the number n of constraints, a measure ∆ of the size of the stochastic component of the algorithm, and
the margin of either the training data (for the original Perceptron reweighing rule) or the training plus the dummy
data (for the truncated Perceptron reweighing rule).

Analogous considerations hold of course for the OT implementation of stochastic error-driven learning. Again,
a comparison between the deterministic OT update condition (23b) and the stochastic condition (25b) reveals that
they are basically identical, apart from the fact that zero on the right hand side of the former has been replaced in
the latter by a certain value OT which could be different from zero but still not too large. Since the deterministic
and stochastic implementations only differ for the update conditions and since the update conditions differ only
minimally, the convergence theorem 3 for deterministic calibrated error-driven ranking algorithms extends straightforwardly to the stochastic variant, yielding the following theorem 5; see Magri (2013a) for details. For the case of
demotion-only error-driven ranking algorithms (that is, algorithms that adopt the re-ranking rule (14) with a null
promotion amount p = 0), the error-bound (28) is tight, namely cannot be improved.
Theorem 5. The stochastic OT error-driven learner (2) with the stochastic update condition (25b) and a calibrated
update rule (14) converges: whenever trained on data consistent with an OT grammar, it can only perform a finite
number of errors, before converging to a final ranking vector. Any constraint ranking which is consistent with these
final ranking values (namely, which satisfies the ranking conditions induced by their relative size) is consistent with
the target grammar. Furthermore, the number of errors made before converging can be bound as follows:
(28)

number of errors ≤

n2

+

calibration
|
{z
}
(a)

2∆n2
calibration
|
{z
}
(b)

in terms of the number n of constraints, a measure ∆ of the size of stochastic component of the algorithm, and the
calibration of the promotion amount used in the re-ranking rule.

4.3. Comparison
In the worst-case scenario, we expect that the stochastic component can derail the error-driven leaner away
from the most straightforward path to success. In other words, we expect a stochastic error-driven learner to make
more errors and to converge more slowly than the corresponding deterministic learner. This additional number of
errors quantifies the sensitivity of the error-driven learner to the stochastic component. The fundamental questions
addressed by the theory of stochastic error-driven learning in constraint-based phonology can thus be informally
stated as follows: how large is the number of additional errors caused by the stochastic component? Does the size
of this slowdown depend on the choice between the HG and OT implementation of stochastic error-driven learning?
In that case, which of the two implementations makes the smallest number of additional errors and is thus least
affected by the stochastic component?
Here is a way to state state these questions explicitly. Let’s express the number of errors made by a stochastic
error-driven learner as the sum of two terms: the first term (29a) is the number of errors made by the corresponding deterministic learner, which measures the intrinsic difficulty of error-driven learning; the second term (29b)
quantifies the number of additional errors due to the stochastic component, measuring the slowdown due to the
stochastic component.
(29)

number of errors made by
the stochastic learner

=

number of errors made by
additional term due to
+
the stochastic component
the deterministic learner
|
{z
}
|
{z
}
(a)

(b)

In the preceding section 3, we have focused on the deterministic error-bound (29a). In this section, we carry
out the same analysis for the additional term (29b) due to the stochastic component. Of course, the number
(29b) of additional errors due to the stochastic component should be allowed to grow with the complexity of the
learning task. In the case of constraint-based phonology, the simplest measure of the complexity of the learning
task is plausibly the number of constraints that the learner needs to rerank or reweigh. In principle, two scenarios
might arise. According to one scenario, the number (29b) of additional errors due to the stochastic component
grows as a function of the number of constraints but only slowly, so that this additional number of errors remains
relatively small also for realistically large constraint sets. According to the opposite scenario, this number (29b)
of additional errors grows instead very fast (namely, exponentially) with the number of constraints, so that it
is already astronomically large for realistic constraint sets.10 The fundamental questions of the theory of errordriven learning in constraint-based phonology can thus be formalized as follows: how fast does this number (29b)
10 Of course, we expect the number (29b) of additional errors due to the stochastic component to also depend on the size ∆ of

the stochastic component itself. If ∆ is null, the stochastic component is switched off, because the stochastic vector  has null
components, so that the current vector θ and its stochastic counterpart θ +  coincide. In this case, we thus expect the additional
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of additional errors grow with the number of constraints in the case of the OT and the HG implementation of
stochastic error-driven learning? which of the two implementations yields the slowest growth and is thus least
affected by the stochastic component?
Let me start with the case of the OT stochastic error-driven learner. Theorem 5 provides an explicit bound
(28) on the number of errors that the algorithm can make, even in the worst-case scenario of the most adversarial
training sequence. The two terms of this bound (28) correspond to the two terms of the general scheme (29). In fact,
the first term (28a) coincides with the error-bound (17) obtained for the deterministic OT error-driven learner.
The second term (28b), repeated in (30), then quantifies the additional number of errors due to the stochastic
implementation.
(30)

number of additional errors
made by the stochastic OT learner

≤

1
2∆ × n2 ×
calibration
of
the
promotion amount
| {z }
| {z }
|
{z
}
(a)

(b)

(c)

The number (30) of additional errors due to the stochastic component is the product of three factors. The first
factor (30a) captures the dependence of the additional number of errors on the size ∆ of the stochastic component.
The second factor (30b) depends quadratically on the number n of constraints. Finally, the third factor (30c)
depends on the calibration constant. Crucially, the calibration constant does not depend on the number n of
constraints. Thus the overall bound (30) on the number of additional errors due to the stochastic component
depends on the number n of constraints only through the quadratic factor (30b). In other words, the number
of additional errors grows slowly (quadratically) with the number of constraints. This fact has two implications.
First, that the number of additional errors does not blow up for realistically large constraint sets. Second, that
the entire error bound (28) for the stochastic implementation of OT error-driven learning has the same quadratic
dependence on the number of constraints as the error-bound (15) for the deterministic implementation. In other
words, the stochastic component has no effect on the speed of growth of the overall number of errors with the
number of constraints. I thus conclude that the OT implementation of constraint-based phonology is well suited
to support stochastic error-driven learning, as the stochastic component causes an increase in the number of errors
which grows only slowly with the number of constraints and does not affect the speed of growth of the overall
number of errors.
Let me now turn to the case of the HG error-driven leaner. Theorem 4 provides an explicit bound (27) on the
number of errors that the algorithm can make, even in the worst-case scenario of the most adversarial training
sequence. Also the two terms of this error-bound (27) correspond to the two terms of the general scheme (29). In
fact, the first term (27a) coincides with the error-bound (18) obtained for the deterministic HG learner. The second
term (27b), repeated in (31), then quantifies the additional number of errors due to the stochastic implementation.
(31)

number of additional errors
made by the stochastic HG learner

≤

2∆ × n ×
| {z }
|{z}
(a)

(b)

1
2
margin of the data
|
{z
}
(c)

The number (31) of additional errors due to the stochastic component is the product of three factors. The first
factor (31a) captures the dependence of the additional number of errors on the size ∆ of the stochastic component.
The second factor (31b) depends linearly on the number n of constraints. Finally, the third factor (31c) depends
on the margin of the training data (in the case of the original Perceptron reweighing rule) or the training plus
dummy data (in the case of the truncated Perceptron reweighing rule). The bound (31) on the additional number
of errors made by the stochastic HG learner looks superficially analogous to the bound (30) for the stochastic OT
learner. Yet, the two bounds are substantially different, in exactly the same way discussed above in subsection 3.3.
In fact, the margin which appears in the factor (31c) of the HG bound does depend on the data and thus also on
the number n of constraints. In other words, the bound (31) depends on the number n of constraints through both
factors (31b) and (31c). Because of this fact, although the former factor (31b) grows slowly (namely, linearly) in n,
the entire bound could grow much faster. Indeed, consider a scenario where the (squared) margin decreases very
fast (namely, exponentially). This means in turn that the factor (31c) grows very fast (namely, exponentially),
trumping the slow (namely, linear) growth of the factor (31b). The overall bound (31) thus grows very fast (namely,
exponentially) and becomes astronomically large already for constraint sets of a realistic size. In this scenario, the
bound on the number of additional errors made by the HG stochastic error-driven learning provides no guarantees
on the sensitivity of the error-driven learner to the stochastic component. Simulation results are needed in order to
determine whether the fast growth of the bound is due to a looseness of the analysis (while a tighter bound, with
a slower growth is possible) or whether instead the number of additional errors effectively made by the algorithm
grows exponentially fast in the worst-case, thus matching the error bound.
term (29b) to be null. As ∆ grows larger than zero, the stochastic component becomes more relevant, because the stochastic vector
 is allowed to have larger components, so that the current vector θ and its stochastic counterpart θ +  get further apart. In other
words, as ∆ grows larger than zero, the additional term (29b) is expected to grow as well. It turns out that it grows slowly (namely,
linearly) in ∆ in both the OT and the HG implementations, as shown in the additional term (27b) for the HG implementation and
the additional term (28b) for the OT implementation. As the rate of growth with respect to ∆ does not distinguish between the two
implementations, I ignore it in the rest of this section.
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Indeed, the counterexample constructed in section 3.3 can be used to show that the additional number of errors
due to the stochastic implementation of the HG error-driven learner (with both the original and the truncated
Perceptron update rule) can grow very fast (namely, exponentially) with the number of constraints. Here are the
details. For each choice of the number n of constrains between 5 and 10, I have run the deterministic and stochastic
OT error-driven learner ten times on the corresponding counterexample; see appendix B.2 for simulation details. I
plot in (32a) with a solid line the difference between the largest number of errors made by the stochastic algorithm
over the ten runs minus the number of errors made in that same run by the deterministic algorithm. In other
words, the graph plots the additional number of errors due to the stochastic component (vertical axis) as a function
of the number n of constraints (horizontal axis). To get a sense of the scale of the increase of the number of errors
with the number n of constraints, I plot with a dashed line the term (28b) in theorem 5, which boils down to the
function 4n(n − 1), as computed in appendix B.2. As guaranteed by theorem 5, we see in (32a) that the difference
between the number of errors made by the stochastic and the deterministic OT error-driven learner grows slowly
with the number of constraints, so that it is smaller than 200 in the case corresponding to n = 10 constraints.
(32)

a.
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In (32b) I turn to the HG error-driven learner; see appendix B for simulation details and results. The solid and
dashed lines plot the difference between the largest number of errors made by the stochastic learner over the ten
runs minus the number of errors made in that same run by the corresponding deterministic learner in the case
of the original Perceptron update rule (4) and the truncated variant (7), respectively. The graph clearly shows
that the number of additional errors due to the stochastic component grows exponentially with the number of
constraints. Indeed, the case with just ten constraints already forces the stochastic learner to perform over one
million additional errors compared with the deterministic learner, which in turn was already performing over five
million errors! I conclude that the OT implementation of stochastic error-driven learning substantially outperforms
the HG implementation from the perspective of worst-case error-bounds.
4.4. Summary
Section 3 has compared the OT and HG deterministic error-driven learners from the perspective of error-bounds.
This section has carried this comparison further, comparing the OT and HG stochastic error-driven learners from
the perspective of the following question: how worse is the error-bound for the stochastic learner compared with
the error-bound for the corresponding deterministic learner? The answer to this question developed in this section
has two parts. First, I have noted that the error-bound for the stochastic OT leaner outperforms the error-bound
for the HG learner, as only the OT bound on the additional number of errors grows slowly (namely, quadratically)
in the number of constraints. Second, I have reported simulation results where the HG and OT typologies coincide
and yet the additional number of errors made by the HG learner because of the stochastic component (namely,
discounting the errors made by the deterministic learner on that same training sequence) is over one million with
just ten constraints, which is well over 5,000 times the number of additional errors made by the OT learner! The
conclusions reached in this section thus align with those reached in the previous section 3, both showing a clear
superiority of OT over HG error-driven learning.
5. Conclusions
Two main implementations of constraint based phonology have been pursued in the literature: HG, which assumes a weighted model of constraint interaction; and OT, which assumes instead the principle of strict domination.
One of the main open architectural issues in constraint-based phonology thus concerns the choice between these
two implementations. At first sight, this might look like an exquisitely typological issue: the choice between HG
and OT should depend on their match to the actual typology of (attested and allegedly possible) natural language
phonologies. Unfortunately, the problem of determining the proper mode of constraint interaction is unlikely to
be settled on a typological basis, as various authors have acknowledged (Pater 2009, Bane and Riggle 2010). The
difficulty is that we have to deal at the same time with two unknowns, namely both the mode of constraint interaction and the proper definition of the phonological constraints themselves. If we happened to know what the
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actual constraint set looks like, then we could easily compute the typological predictions made by the two modes
of constraint interaction and determine which one yields the most accurate typological predictions. On the other
hand, if we happened to know the actual mode of constraint interaction, we could likely reconstruct the constraint
set from typological data. The problem is that we don’t know neither the constraints nor their mode of interaction. And these two unknowns are coupled, as different modes of constraint interaction might require different
constraint sets. In conclusion, descriptive adequacy is not likely to pull apart the OT and the HG implementations
of constraint-based phonology.
It is for this reason that the research trying to probe into the relative merits of the two frameworks has turned
from descriptive to explanatory adequacy. The idea is to evaluate the two frameworks apart from their typological
predictions, by distilling their algorithmic implications for the development of proper computational models of the
production, perception, and acquisition of phonology. For instance, Riggle (2009) and Bane et al. (2010) compare
the two frameworks from the perspective of learning-theoretic complexity measures such as their VC-dimension;
Magri (2013b) compares them from the perspective of the computational problem of consistency, namely the
problem of finding a grammar consistent with a finite number of data; Jesney and Tessier (2011) compare them
from the perspective of the problem of restrictiveness in phonotactic learning, namely the problem of learning which
forms are phonotactically illicit while being trained on licit forms only. This paper contributes to this enterprise,
as it provides new elements to compare the two frameworks of OT and HG from the algorithmic perspective of
error-driven learning.
Certain aspects of the native language phonology (such as the native phonotactics) are acquired prior to the
development of the native language lexicon. An error-driven learner is ideally suited to model these early acquisition
stages, as it performs instantaneous updates, based on a single piece of data at the time, and thus does not need to
access and act upon the entire phonological lexicon. This modeling advantage turns of course into a computation
liability: the fact that each update is computed instantaneously based only on the current piece of data means
that the algorithm is unable to compute the implications of its current update for the rest of the dataset. The
current update might thus later turn out to represent an error which needs to be laboriously corrected. Because
of this intrinsic weakness of its computational means, error-driven learning can only succeed at the learning task
when implemented within a very carefully crafted grammatical framework, which is able to boost the algorithmic
strength of this learning scheme. Which of the two implementations of constraint-based phonology — OT or HG
— is best suited to this task? An answer to this question might provide new elements in order to pull apart the two
frameworks from the perspective of their algorithmic implications. This paper has thus addressed this question,
though two main contributions which can be summarized as follows.
OT has been endowed with proper error-driven learners since the seminal work of Tesar and Smolensky (1998).
The case of HG turned out to be more delicate. The HG literature has so far relied on error-driven algorithms
for linear classification, and in particular on the Perceptron algorithm. Unfortunately, the Perceptron algorithm
as it stands does not really qualify as an error-driven learner for HG. The problem is that HG crucially requires
the constraint weights to be non-negative while the Perceptron does not in any way enforce non-negativity of
the current and final weights. Heuristic strategies adopted so far in the literature to overcome this problem (for
instance, starting from large initial weights) come with no guarantees of success (for instance, large initial weights
in no way guarantee nonnegative final weights, as the number of updates depends on the size of the initial weights).
The first contribution of this paper is a principled solution to this impasse. I have considered a variant of the
original Perceptron which ensures non-negativity of the weights by truncating any update at zero. I have pointed
out that any run of this truncated Perceptron can be mimicked through a run of the original Perceptron on an
extended, consistent training set. And I have thus concluded that convergence guarantees and error-bounds for the
original Perceptron extend to the truncated variant (theorem 2).
Now that we know that both OT and HG can be endowed with proper error-driven learners, we can ask the
question of which one of the two frameworks is better suited to support error-driven learning. In this paper, I have
thus compared error-driven learning in OT and HG from the perspective of how fast their worst-case error-bounds
grow as a function of the number of constraints. The second contribution of this paper has been to show that
OT substantially outperforms HG from this perspective. In fact, while the error-bound for the OT error-driven
learner grows quadratically in the number of constraints (theorem 3), the counterexample constructed in section
3.3 shows that the number of errors made by the HG error-driven learner can grow very fast (exponentially) in the
number of constraints. In other words, it is possible to construct cases where the number of errors made by the
HG learner grows so fast with the number of constraints that the algorithm becomes unfeasible for any reasonable
number of constraints. Crucially, the slowness of the HG learner compared to the OT one is not due to the fact
that the former is exploring a larger typological space, as the counterexample constructed has the property that the
two typologies predicted by OT and HG coincide. Finally, the superiority of the OT over the HG implementation
holds no matter whether we consider the deterministic or the stochastic implementation of error-driven learning,
as shown in section 4.
Assessing the relative merits of the OT and HG versions of constraint-based phonology from the perspective of
their algorithmic implications is an enterprise still in its infancy. Even from the limited perspective of error-driven
learning, there is of course much more than the worst-case number of errors. Furthermore, it could very well turn
out to be the case that those counterexamples where the HG error-driven learner makes an astronomical number of
errors (such as the case constructed in subsection 3.3) all turn out to be phonologically unrealistic. In other words,
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efficiency guarantees for HG error-driven learning might be possible after all, by refining the theory of error-bounds
through proper assumptions on what counts as a phonologically plausible constraint set. Nonetheless, the point
sticks that more work is needed in order to develop efficiency guarantees for HG over OT error-driven learning,
as only HG efficiency guarantees, but not OT guarantees, need to take into account carefully stated typological
restrictions. In so far as OT allows for a more straightforward theory, it is better suited to develop error-driven
learning and to rip off the modeling advantages of this learning scheme.
Appendix A. HG error-driven learning for general (not necessarily binary) constraints
To keep the notation lean, in the paper I have assumed that the constraints are binary, namely that they can
assign at most one violation. In this appendix, I relax this restrictive assumption and provide the general description
of the learning algorithms (subsections A.1 and A.2) and the general formulation of their theoretical guarantees
(subsections A.3 and A.4) for the case where the constraints can assign an arbitrary number of violations.
A.1. Description of the learning algorithms
At steps (2a)-(2b), the HG error-driven learner receives the piece of information that a certain winner candidate
y beats a certain loser candidate z relatively to a certain underlying form x according to the target HG grammar
the algorithm is being trained on. At step (2c), the algorithm checks whether its current weights θ = (θ1 , . . . , θn )
already ensure that the winner y beats the loser z. In the general case of possibly non-binary constraints, the latter
condition boils down to the strict inequality (33a), which says that the loser z violates the constraints more severely
than the winner y according to the weights θ, in the sense that the weighted sum of the violations incurred by the
loser (left hand side) is larger than the weighted sum of the violations incurred by the winner (right hand side).
(33)
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In the stochastic implementation of HG error-driven learning, the algorithm samples the components of a stochastic
vector  = (1 , . . . , n ) independently according to the same underlying distribution and then checks the update
condition (33a) not for the current weight vector θ = (θ1 , . . . , θn ) but rather for the perturbed weight vector
θ +  = (θ1 + 1 , . . . , θn + n ), yielding condition (33b). In the case of binary constraints, the deterministic update
condition (33a) and the stochastic condition (33b) indeed boil down to to the update conditions (3) and (24)
considered in the paper.
If conditions (33) are satisfied, then the algorithm has nothing to learn from the current piece of data. Otherwise,
the algorithm slightly updates its current weights at step (2d), using either the original or the truncated Perceptron
reweighing rule. In the general case of possibly non-binary constraints, the original Perceptron reweighing rule
takes the shape in (34a). Recall that constraint Ck is winner-preferring (loser-preferring) provided the number of
violations Ck (x, z) it assigns to the intended loser z is larger (smaller, respectively) then the number of violations
Ck (x, y) it assigns to the intended winner y, in which case the quantity Ck (x, z) − Ck (x, y) is positive (negative)
and the weight of that constraint is therefore increased (decreased, respectively) by the update (34a).
(34)

a. For each constraint Ck , add the quantity Ck (x, z) − Ck (x, y) to its current weight θk .
b. For each constraint Ck , add the quantity Ck (x, z) − Ck (x, y) to its current weight θk . . .
. . . unless that update would make that weight negative, in which case set that weight to zero

The truncated Perceptron reweighing rule (34b) coincides with the original Perceptron reweighing rule, apart from
the additional “unless” clause in italics, meant to prevent the weights from ever turning negative. In the case of
binary constraints, the original and truncated reweighing rules (34a) and (34b) indeed boil down to the original
and truncated Perceptron reweighing rules (4) and (7) considered in the paper.
A.2. Reformulation in EWC notation
At steps (2a)-(2b), the HG error-driven learner receives the piece of information that a certain winner candidate
y beats a certain loser candidate z relatively to a certain underlying form x. In this subsection, I show that this
piece of information can be represented compactly, leading to a substantial simplification in the description of HG
error-driven learners. Consider the n-tuple a = (a1 , . . . , an ) whose kth entry ak consists of the difference between
the number of violations assigned by constraint Ck to the loser z minus the number of violations assigned to the
winner y, as defined in (35). This n-tuple a is called an elementary weighting condition (EWC; Magri 2013b); for
an example, see below (46) in appendix B.1. I will denote by A a finite collection of EWCs.
(35)

ak = Ck (x, z) − Ck (x, y)

Using the EWC notation, the deterministic update condition (33a) can be rewritten as in (36a), which requires
the sum of the components ak of the EWC weighted by the weights θk to be strictly positive. Furthermore, the
stochastic update condition (33b) can be rewritten as in (36b), again using the perturbed weights θk + k in place
of the original weights θk .
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(36)

a.

n
X

ak θk > 0

b.

k=1

n
X

ak (θk + k ) > 0

k=1

The original Perceptron reweighing rule (34a) updates the current weight θk by adding to it the corresponding
entry ak in the EWC corresponding to the current underlying, winner, and lose form, as stated in (37a). The
truncated Perceptron reweighing rule (34b) can therefore be described in EWC notation as in (37b).

θk + ak if θk + ak ≥ 0
(37) a. θk ← θk + ak
b. θk ←
0
otherwise
These considerations show that the HG error-driven learner (2) can be described compactly in terms of EWCs as
in (38). At step (38a), the learner receives the current piece of data in the form of an EWC a, which compactly
represents the comparison between the current winner and loser forms. At step (38b), the learner evaluates the
performance of the current weight vector θ = (θ1 , . . . , θn ) on the current piece of data a = (a1 , . . . , an ) in terms of
one of the two conditions (36), depending on whether we adopt the deterministic or the stochastic implementation.
If the condition holds, the algorithm has nothing to learn from the current piece of data a, and just waits for another
EWC. If the condition does not hold, then the algorithm updates the current weights at step (38c) according to
one of the two reweighing rules (37), depending on whether we adopt the original or the truncated Perceptron
implementation. The algorithm then forgets about the current piece of data, loops back to step (38a) and waits
for another piece of data.
yes

(38)
Initialization:
set the current
vector θ equal to
a pre-assigned one

Steps (a): get
an EWC sampled
from a given set A
of training EWCs

Step (b): check
whether the relevant
update condition
in (36) holds

no

Step (c): update the
current vector θ using the
original or truncated Perceptron reweighing rule (37)

In the rest of this appendix, I provide the general formulation of the theoretical guarantees for error-driven learning
for general (not necessarily binary) constraints. The reformulation (38) in EWC will prove particularly convenient.
A.3. Radius and margin of the training data
Let A be the set of training EWCs fed to the learner at step (38b). Error-bounds for the HG error-driven learner
are stated in terms of properties of this training set A, namely its radius and margin. This subsection introduces
this notions geometrically; for an analytic definition, see appendix C.1. Consider the case where there are only
n = 2 constraints C1 and C2 . A generic EWC a = (a1 , a2 ) thus consists of only two components: the differences
a1 and a2 between the number of violations assigned to the loser minus the number of violations assigned to the
winner by the two constraints C1 and C2 , respectively. An EWC can thus be plotted in the cartesian plane, by
adopting the convention that the horizontal axis corresponds to constraint C1 and the vertical axis corresponds to
constraint C2 . To illustrate, consider the EWC a = [2, −3] which consists of the constraint differences 2 and −3
corresponding to the two constraints C1 and C2 , respectively. It can be plotted as the dot in (40a): the horizontal
coordinate of the dot is 2, because the horizontal axis corresponds to constraint C1 ; the vertical coordinate is −3,
because the vertical axis corresponds to constraint C2 .
(39)

a.

b.

C2

• a000
• a00

C1

• a0

• a0

Suppose that the training set A consists of this EWC a0 plus two more, say a00 = [3, 2] and a000 = [0, 3]. The latter
two EWCs can be plotted analogously, yielding the geometric representation (39b) of the training set A.
Consider now the circumferences centered in the origin, such as those plotted in (40). Depending on the radius of
these circumferences, three scenarios may arise. One possibility is that the radius is small, so that the corresponding
circumference fails at containing all training EWCs, as illustrated in (40a). Another possibility is that the radius is
large, so that the corresponding circumference contains all training EWCs with a good slack, as illustrated in (40b).
A final possibility is that the radius coincides with the distance from the origin of the training EWC further away,
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so that the corresponding circumference contains all training EWCs without any slack, as illustrated in (40c). The
radius of the latter circumference is univocally determined, and is called the radius ρ(A) of the training set A.
(40)

a.

b.

•

c.

•

•

•

•

•

•

•

•

The extension from the case with only n = 2 to an arbitrary number n of constraints is conceptually straightforward.
The analytic definition of the radius for an arbitrary number n of constraints is provided in (50a) in appendix C.1.
Since there are only n = 2 constraints, a generic ranking vector θ = (θ1 , θ2 ) consists of only two components: the
ranking values θ1 and θ2 of the two constraints C1 and C2 . A ranking vector can thus be plotted in the cartesian
plane as follows. Keeping with the convention that the horizontal and vertical axes correspond to the constraints
C1 and C2 respectively, we look at the point in the plane whose horizontal coordinate is θ1 and whose vertical
coordinate is θ2 , and we then draw an arrow which starts at the origin and ends on that point. To illustrate, I plot
in (41a) the ranking vector θ = (3, 1), which assign the weight θ1 = 3 to constraint C1 and the weight θ2 = 1 to
constraint C2 .
(41)

a.

b.

C2

•
•

θ
C1

•

The decision line corresponding to a ranking vector θ is the line perpendicular to it which passes through the
origin, as illustrated in (41b). This line splits the plane into two regions, one of which contains the weight vector
itself. It turns out that the condition (36a) that an EWC is HG consistent with a weight vector can be given the
following geometric interpretation: that EWC lies in the half-plane which contains the weight vector itself. To
illustrate, the plot in (41b) shows that the weight vector considered is consistent with all three training EWCs, as
they all lie in the same half-plane which contains the weight vector itself.
Consider the segment which starts at a training EWC and falls perpendicularly on the decision line individuated
by the weight vector, as illustrated in (42) with the dotted segments. The length of each of these dotted segments
represents the distance of the corresponding EWC from the decision line. As noted above, a weight vector is
consistent with an EWC provided the corresponding decision line leaves that EWC on the same side of the plane
as the weight vector itself. Intuitively, the distance of an EWC from the decision line can thus be interpreted as
a measure of the “degree of consistency” of that EWC with that weight vector. Thus, although the weight vector
plotted in (42) is consistent with both EWCs a0 and a00 (because they both lie on the same side of the decision line
as the weight vector itself), the former EWC has a smaller degree of consistency than the latter. Indeed, a small
perturbation in the weight vector will slightly rotate the decision line and might thus affect consistency with the
closer EWC a0 but not consistency with the EWC a00 which sits at a greater distance. Since we are interested in
worst-case analyses, we focus on the “dangerous” EWC in the training dataset, namely the EWC which has the
smallest distance from the decision line and thus has the smallest degree of consistency. In the case of figure (42),
that is the EWC a0 . The distance of that EWC from the decision line is called the margin of the training set A
with respect to the weight vector θ, and is denoted by µ(A, θ). It captures the worst-case degree of consistency
achieved by the ranking vector θ over the training set A.
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• a000
• a00

distance which realizes the margin µ(A, θ)
• a0
Of course, different weight vectors induce different decision lines that in turn differ because of their distances from
the training EWCs. For instance, if the decision line in (42) is rotated slightly clockwise (which corresponds to
shifting some weight from constraint C2 to constraint C1 ), then the distance of the EWC a0 will increase at the
expense of the distance of the EWC a000 . Among all weight vectors consistent with the data set, we thus consider a
weight vector θ̂ which achieves the largest distance from the closest EWC, namely whose margin µ(A, θ̂) is at least
as large as the margin µ(A, θ) relative to any other weight vector θ. The margin of any such optimal weight vector
is called the margin of the training set A and is denoted by µ(A). As it is clear from this geometric definition, all
optimal weight vectors are parallel to each other and thus correspond to the same decision line, which is therefore
unique. The margin of the training set captures its intrinsic best degree of consistency. The extension from the case
with only n = 2 to an arbitrary number n of constraints is conceptually straightforward. The analytic definition
of the margin for an arbitrary number n of constraints is provided in (50b) in appendix C.1.
A.4. Convergence guarantees and error-bounds
Theorem 1 from section 2 provides convergence guarantees and error-bounds for the deterministic HG errordriven learner with the original Perceptron reweighing rule. Here, I recall the more general formulation of the
theorem, for general (not necessarily binary) constraints; the proof is recalled for completeness in appendix C.1
(Block 1962; Novikoff 1962; Rosenblatt 1958, 1962; Minsky and Papert 1969; Cristianini and Shawe-Taylor 2000,
Theorem 2.3; Cesa-Bianchi and Lugosi 2006, Chp. 12; Mohri et al. 2012, ch. 7). In the case of binary constraints,
the square of the radius ρ(A) of the training set A is upper bounded by the number n of constraints. In this case,
the error-bound (43) thus reduces to the error-bound (5) in the formulation of theorem 1 provided in section 2.
Theorem 1 (general version). Suppose that the HG error-driven learner (38) with the deterministic update
condition (36a) and the original Perceptron reweighing rule (37a) is trained on an HG consistent training set A of
EWCs. The number of errors made by the learner is at most

2
ρ(A)
(43)
µ(A)
where ρ(A) and µ(A) are the radius and the margin of the set A of training EWCs.



In order for the error-bound (43) to make sense, the training set A needs to be contained within a sphere of finite
radius ρ(A) (otherwise, the right hand side is infinite and the bound thus trivial). As constraint violations are
integers, the EWCs in the training set A are integer vectors. A sphere of finite radius only contains a finite number
of integer vectors. In order for the error-bound (43) to make sense, the training set A thus needs to be finite.
Theorem 2 from section 2 provides convergence guarantees and error-bounds for the deterministic HG errordriven learner with the truncated Perceptron reweighing rule, which guarantees non-negativity of the weights. Here,
I provide the more general formulation of the theorem, for general (not necessarily binary) constraints; the proof
is provided in appendix C.2. Again, the square of the radius ρ(A) in the numerator of (44) is upper bounded by
the number n of constraints in the case of binary constraints, yielding the error-bound (12) in the formulation of
theorem 2 provided in section 2.
Theorem 2 (general version). Suppose that the HG error-driven learner (38) with the deterministic update
condition (36a) and the truncated Perceptron reweighing rule (37b) is trained on an HG consistent training set A
of EWCs. Let E be the collection of all EWCs whose components are all zeros but for one component which is
instead equal to 1. The number of errors made by the learner is at most
2

ρ(A)
(44)
µ(A ∪ E)
where ρ is the radius of the training set A and µ(A ∪ E) is the margin of the training set A extended with the
EWCs in E.

Again, in order for the error-bound (44) to make sense, the training set A needs to be finite. The set E of additional
EWCs plays the role of the dummy data in the informal reasoning sketched in section 2. The margin µ(A ∪ E)
of the training EWCs plus the dummy EWCs can be quite smaller than the margin µ(A) of the original training
set. As a result, the error-bound (44) for the truncated Perceptron reweighing rule can be worse (namely larger)
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than the error-bound (43) for the original Perceptron reweighing rule. This is consistent with the fact that the
truncated Perceptron performs more errors than the original Perceptron in the simulation results plotted in (21b).
Theorem 4 from section 4 provides convergence guarantees and error-bounds for the stochastic HG error-driven
learner with ether the original or the truncated Perceptron reweighing rule. Here, I provide the more general
formulation of the theorem, for general (not necessarily binary) constraints; the proof is provided in appendix C.3
(Boersma and Pater to appear). In the case of binary constraints, the square of the radius ρ(A) in (45) is upper
bounded by the number n of constraints and the constant β(A) reduces to 1, yielding the error-bound (27) in the
formulation of theorem 4 provided in section 4.
Theorem 4 (general version). Suppose that the HG error-driven learner (38) with the stochastic update condition
(36b) is trained on an HG consistent training set A of EWCs. Suppose that the components of the stochastic vectors
 = (1 , . . . , n ) are sampled uniformly in between the values −∆ and ∆ for some constant ∆ ≥ 0, as described
in subsection 4.1. The number of errors made by the learner is at most (45a) and (45b) for the original and the
truncated Perceptron reweighing rules (37)


2
2
ρ(A)
β(A)
ρ(A)
β(A)
(45) a.
+ 2n∆ 2
b.
+ 2n∆ 2
µ(A)
µ (A)
µ(A ∪ E)
µ (A ∪ E)
where ρ(A) and µ(A) are the radius and the margin of the training dataset A, β(A) is the largest (ignoring sign)
component over all EWCs in the training set A, and µ(A ∪ E) is the margin of the training set A extended with
the set E of EWCs whose components are all zeros but for one which is instead equal to 1.

Appendix B. Simulation details and results
This appendix provides the details of the OT and HG simulations reported in subsections 3.3 and 4.3.
B.1. Details concerning the counterexample
In subsection 3.3, I have sketched a counterexample meant to show that the number of errors made by the HG
error-driven learner grows astronomically large already for a small number of constraints. In this subsection, I offer
a more explicit description of the counterexample. To start, let me recall the case with n = 5 constraints. In this
case, the unique underlying form x comes with five candidates y and z1 , z2 , z3 , and z4 ; the constraint violations
are described by the number of stars in (19); and the error-driven learner is trained on the target grammar which
maps the underlying form x into the winning candidate y, which therefore beats the four other losing candidates
z1 , z2 , z3 , and z4 . This means that the algorithm entertains four possible underlying/winner/loser form triplets,
namely (x, y, z1 ), (x, y, z2 ), (x, y, z3 ), and (x, y, z4 ). As noted in appendix A.2, these four triplets can be described
through the four corresponding EWCs, which are provided in (46a), where empty cells stand for zeros. For instance,
the entry corresponding to constraint C3 and the underlying/winner/loser form triplet (x, y, z1 ) is set equal to 1
because that constraint assigns 4 violations to the loser z1 and 3 violations to the winner y, so that the constraint
violation difference is 4 − 3 = 1. The entry corresponding to constraint C2 in that same row is set equal to −3
because that constraint assigns 0 violations to the loser z1 and 3 violations to the winner y, so that the constraint
violation difference is 0 − 3 = −3. And son on.
(46)

a.

C

(x,
(x,
(x,
(x,

y,
y,
y,
y,

 1
z1 )
1
z2 ) 

z3 ) 
z4 )

C

C

C

C

2
3
4
5

−3 1
1
1 −3 1
1 

1 −2 1 
1 −1

b.

C1
















1

C2

C3

C4

C5

C6

C7

C8

C9

C10

−3 1
1
1 −3 1
1
1 −3 1
1
1 −3 1
1
1 −3 1
1
1 −3 1
1
1 −3 1
1
1 −2 1
1 −1
















Once we adopt the EWC notation, the extension from the case with n = 5 constraints to the case with an arbitrary
number n of constraints is straightforward. The EWC matrix for the case with n constraints has n − 1 rows; the
kth row has a 1 corresponding to the kth constraint, followed by a −3, followed by two more 1’s (but for the
penultimate and ultimate rows, which have −2 and −1 instead of −3, respectively). To illustrate, I give in (46b)
the EWC matrix corresponding to the case with n = 10 constraints.
In the OT implementation of error-driven learning, the update condition (13) and the update rule (14) only depend on which constraints prefer the winner and which constraints instead prefer the loser. This crucial information
is immediately extracted from the sign of the corresponding constraint violation difference: a constraint is winner(loser-) preferring provided the corresponding constraint violation difference is positive (negative, respectively).
If we mark winner- (loser-) preferring constraints with a w (with an l, respectively), the training data (46) can
then be represented as in (47). For instance, constraint C1 has a w corresponding to the underlying/winner/loser
form triplet (x, y, z1 ) in (47a) because that constraint is winner-preferring, as the corresponding entry in (46a) is
positive. On the contrary, constraint C2 has an l corresponding to that same row, because it is loser-preferring, as
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the corresponding entry in (46a) is negative. These rows of w’s and l’s are called elementary ranking conditions
(ERC; Prince 2002).11
(47)

a.

C

(x,
(x,
(x,
(x,

y,
y,
y,
y,

 1
z1 )
w
z2 ) 

z3 ) 
z4 )

C2

C3

C4

l
w

w
l
w

w
w
l
w

b.

C5





w 

w 
l















C1

C2

C3

C4

w

l
w

w
l
w

w
w
l
w

C5

C6

C7

C8

C9

C10


w
w
l
w

w
w
l
w

w
w
l
w

w
w
l
w

w
w
l
w











w 

w 
l

As illustrated in (47), the ERC matrix for the counterexample corresponding to n constraints has n − 1 rows; the
kth row has a w corresponding to the kth constraint, followed by an l, followed by two more w’s (but for the
penultimate and ultimate rows, whose l is followed by only one and by no w’s, respectively).
B.2. Details concerning the OT and HG simulations
The details of the OT simulations reported in subsections 3.3 and 4.3 are as follows: the initial ranking values
1
are all equal to zero; the re-ranking rule (14) is used with the promotion amount p set equal to p = 2w
, where
w is the number of current winner-preferrers (see below for discussion of this choice of this promotion amount);
the algorithm is trained directly on the ERCs, which are sampled uniformly at random. The details of the HG
simulations are as follows: the initial weights are all equal to zero; the algorithm is trained directly on the EWCs,
which are sampled uniformly at random; the reweighing rules used are the original and the truncated Perceptron
reweighing rules defined in (37). For both OT and HG stochastic learners, the components of the stochastic vector
 are sampled uniformly between −∆ and ∆, with ∆ = 2. The OT and HG error-driven learners used for the
simulations algorithm are available as the Python scripts EDRA.py and Original/TruncatedPerceptron.py on the
author’s webpage, together with the Excel files containing the lists of training ERCs and EWCs.
I have considered six choices of the number n of constraints, namely n = 5, 6, 7, 8, 9, 10. For each n, I have
sampled ten sequences of training data. For each of the ten sequences of data, I have run the OT error-driven
ranking algorithm, the HG error-driven learning algorithm with the original Perceptron reweighing rule and the
HG error-driven learner with the truncated Perceptron reweighing rule until convergence. I have run both the
deterministic and the stochastic implementation of these three learners. Tables 1, 2, and 3 reports the number of
errors made before reaching convergence in each of the ten runs considered, for each of the six choices of the number
n of constraints, for both the deterministic and the stochastic implementation. The last two columns of these tables
provide the mean and the standard deviation of the ten numbers of errors reported in the corresponding row.12
The solid line in (20) plots the largest number of errors made by the deterministic implementation of the OT
error-driven learner over the ten training sequences, as reported in table 1. For instance, the value plotted by the
solid line in (20) corresponding to n = 8 is 33, because that is the largest number of errors reported in table 1
corresponding to n = 8 constraints and the deterministic implementation of the algorithm. Analogously, the solid
(dashed) line in (21b) plots the largest number of errors made by the deterministic implementation of the HG
error-driven learner with the original (the truncated, respectively) Perceptron reweighing rule over the ten training
sequences, as reported in tables 2 and 3.
The solid line in (32a) plots the difference between the largest number of errors made by the stochastic implementation of the OT error-driven learner over the ten training sequences minus the number of errors made by the
deterministic OT error-driven learner in that same run, as computed out of table 1. For instance, the value plotted
by the solid line in (32a) for n = 8 is 96 = 129 − 33, because the largest number of errors reported in table 1 for the
stochastic OT learner corresponding to n = 8 constraints is 129 and the number of errors made in that same run
by the deterministic learner is 33. Analogously, the solid (dashed) line in (32b) plots the difference between the
largest number of errors made by the stochastic implementation of the HG error-driven learner with the original
(the truncated, respectively) Perceptron reweighing rule over the ten training sequences minus the number of errors
made by the deterministic learner in that same run, as computed out of tables 2 and 3.
Theorem 3 guarantees efficient convergence of the OT error-driven learner under the assumption that the
promotion amount p is calibrated, namely it is strictly smaller than the calibration threshold `/w, where ` is the
number of undominated loser-preferring constraints (namely, the number of constraints which are demoted) and
w is the number of winner-preferring constraints (namely, the number of constraints which are promoted). This
11The ERC matrix in (47a) coincides with the one used in Pater (2008) to construct a counterexample against the GLA’s convergence,

only with an extra w added on the right in each ERC (but in the bottom two).
12The standard deviation of the numbers of errors reported in the last column for the stochastic OT error-driven learner grows with
the number n of constraints. For the deterministic implementation, the number of errors is constant over the ten runs corresponding
to each choice of the number n of constraints, with the only exception of the case corresponding to n = 8 constraints, where we see
a slight variation in the number of errors over the ten runs. At the moment, I have no explanation neither for why the number of
errors made by the deterministic OT error-driven learner varies in the case corresponding to n = 8 constraints nor for why it does
not vary in the remaining cases.
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means in turn that the promotion amount p can be expressed as in (48), for some constant c in between 0 (included)
and 1 (excluded).
(48)

p=c

`
w

With this choice of the promotion amount, we have the error-bounds (49a) and (49b) for the deterministic and
the stochastic OT error-driven learner respectively (Tesar and Smolensky 1998; Magri 2012b, 2013a). These are
essentially the bounds (15) and (28) provided by theorems 3 and 5 above, where the quantity 2(1 − c) has been
called the calibration of the promotion amount and the quantity n(n − 1) has been approximated with n2 to keep
the notation simple.
(49)

a.

number of errors made by the deterministic OT learner

≤

b.

number of errors made by the stochastic OT learner

≤

1
n(n − 1)
2(1 − c)
1
∆
n(n − 1) +
n(n − 1)
2(1 − c)
(1 − c)

In the simulations considered here, each training ERC has only one loser-preferring constraint. Thus, the number
1
` of undominated loser-preferring constraints is always equal to ` = 1. The choice of the promotion amount p = 2w
used in the simulations thus corresponds to the general scheme (48) with the constant c set equal to c = 1/2.
The bound (49a) thus boils down to n(n − 1), which is indeed the quantity plotted by the dashed line in (20).
Furthermore, the second term of the bound (49b) boils down to 4n(n − 1), which is indeed the quantity plotted by
the dashed line in (32a).
Appendix C. Technical details
C.1. Proof of the convergence theorem 1 for the original Perceptron
P
Throughout this appendix C, h·, ·i is the Euclidean scalar product, defined by hv, wi = n
any pair of
i=1 vi wi for
P
2
2
vectors v = (v1 , . . . , vn ) and w = (w1 , . . . , wn ); ||·|| is the Euclidean norm, defined by kvk = hv, vi = n
i=1 vi ; they
are connected through the Cauchy-Schwartz inequality hv, wi ≤ kvkkwk|. The HG deterministic update condition
(36a) between a weight vector θ and an EWC a can be expressed in terms of the Euclidean scalar product as
hθ, ai > 0. The radius ρ(A) and the margin µ(A) of a training set A of EWCs, which were defined geometrically
in appendix A.3, can now be expressed analytically for an arbitrary number n of constraints as in (50).
(50)

a. ρ(A) = maxkak
a∈A

b. µ(A) = max µ(θ, A) where µ(A, θ) = min
a∈A

θ6=0

hθ, ai
kθk

In this subsection, I recall the proof of the convergence theorem 1 for the original Perceptron, repeated below.
Theorem 1 (general version). Suppose that the HG error-driven learner (38) with the deterministic update
condition (36a) and the original Perceptron reweighing rule (37a) is trained on an HG consistent training set A of
EWCs. The number of errors made by the learner is at most

2
ρ(A)
(51)
µ(A)
where ρ(A) and µ(A) are the radius and the margin of the training set A of EWCs, as computed in (50).



Proof. As current EWCs that do not trigger an update can be ignored, I assume without loss of generality that
an update is performed at each time t. Let θ t+1 be the weight vector obtained at time t by updating the current
weight vector θ t in response to the current EWC at according to the original Perceptron reweighing rule (37a).
The proof has three parts. The first part of the proof estimates the norm of the current weight vector entertained
by the algorithm. To start, note that the norm of the updated weight vector θ t+1 can be bound as in (52) in
terms of the norm of the current weight vector θ t . In step (52a), I have used the definition (37a) of the original
Perceptron reweighing rule. In step (52b), I have used the identity kv + wk2 = kvk2 + kwk2 + 2hv, wi. In step
(52c), I have upper bounded by dropping the term hθ t , at i, which is negative by the hypothesis that the current
weight vector θ t is not consistent with the current EWC at . In step (52d), I have upper bounded the norm of the
current EWC at with the radius ρ = ρ(A) over all training EWCs.
(52)

kθ t+1 k2

(a)

=

kθ t + at k2

(b)

kθ t k2 + kat k2 + 2hθ t , at i

=

(c)

≤
(d)

≤
(53)

kθ t k2 ≤ tρ2

kθ t k2 + kat k2
kθ t k2 + ρ2
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Since the inequality (52) holds at every time t and since the initial weight vector has null norm, then we obtain the
inequality (53), which concludes the first part of the proof, showing that the squared norm of the current weight
vector θ t grows with time t at most linearly.
Consider now a weight vector θ which realizes the margin (50b). The second part of the proof estimates the
scalar product between the latter weight vector and the current weight vector entertained by the algorithm. To
start, note that the scalar product between the weight vector θ and the updated weight vector θ t+1 can be bound
as in (54) in terms of the scalar product between that same weight vector θ and the current weight vector θ t . In
step (54a), I have used the definition (37a) of the original Perceptron reweighing rule. In step (54b), I have used
the linearity of the scalar product. In step (54c), I have lower bounded the quantity hθ, at i/kθk with the smallest
such quantity over all training EWCs, namely the margin µ = µ(A) of the training set A.
(54)

hθ, θ t+1 i
kθk

(a)

=

(b)

=

(c)

≥
(55)

hθ, θ t + at i
kθk
hθ, θ t i
hθ, at i
+
kθk
kθk
hθ, θ t i
+µ
kθk

hθ, θ t i
≥ tµ.
kθk

Since the inequality (54) holds at every time t and since the initial weight vector is null, then we obtain the
inequality (55), which concludes the second part of the proof, showing that the scalar product between the weight
vector θ and the current weight vector θ t grows with time t at least linearly.
The third part of the proof connects the two inequalities (53) and (55) as in (56). In step (56a), I have used
(55). In step (56b), I have used the Cauchy-Schwartz inequality. In step (56c), I have used (53).

2
2 (a)
hθ, θ t i
(56)
tµ
≤
kθk
(b)
kθk2 kθ t k2
≤
kθk2
= kθ t k2
(c)

≤

tρ2

The chain of inequalities (56) entails in particular that t ≤ ρ2 /µ2 , namely that the number of updates t is finite.



C.2. Proof of the convergence theorem 2 for the truncated Perceptron
The convergence theorems 1 and 2 for the original and truncated Perceptron assume consistency of the set A
of EWCs the algorithms are trained on. This assumption means in turn that there exists a vector of non-negative
weights consistent with A. Although none of these weights can be negative, some of them could be null. The
following lemma guarantees the existence of a consistent vector of weighs which are all strictly positive (namely
neither negative nor null). This lemma will be used below for the proof of the convergence theorem 2 for the
truncated Perceptron.
Lemma 1. A finite set A of HG-consistent EWCs is in particular HG-consistent with a vector of weights which
are all strictly positive.

Proof. The hypothesis that A is HG-consistent means that there exists a vector θ = (θ1 , . . . , θn ) of non-negative
weights θk ≥ 0 such that hθ, ai > 0 for every EWC a ∈ A. If all the weights happen to be strictly positive (i.e.,
θk > 0), then the claim is proven. Otherwise, assume that some weights are null. To simplify the notation, let Ω
be the set of those indices k such that the corresponding weight θk is strictly positive and let Ω be its complement,
as defined in (57).
n
o
n
o
b. Ω = k ∈ {1, . . . , n} θk = 0
(57) a. Ω = k ∈ {1, . . . , n} θk > 0
I will now construct another weight vector θ = (θ1 , . . . , θn ) which has all positive weights θk > 0 and furthermore
is HG-consistent with A as well. Let the constants A and B be defined as in (58), which makes sense because of
the assumption that the training set A of EWCs is finite. The constant A is strictly positive, because the original
weight vector θ is HG-consistent with every EWC a in A. The constant B is instead strictly negative, because at
least one EWC needs to have a negative entry (otherwise the claim is trivial).
(58)

a. A = min hθ, ai
a∈A

b. B =

min
a=(a1 ,...,an )∈A

min ak
k

Define the new weight vector θ = (θ1 , . . . , θn ) as in (59). The weights thus defined are all strictly positive as
desired, because the constant A is strictly positive and the constant B is strictly negative. In general, A is a small
value and |B| is a large value. Thus we have effectively slightly perturbed the original weight vector θ by replacing
its null weights with a small positive value.
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(59)

θk =


 θk

27

if k ∈ Ω

A
 −
2(n − 1)B

if k ∈ Ω

The scalar product between the perturbed weight vector θ and an arbitrary EWC a in A can be computed as in
(60), which shows that θ is HG-consistent with an arbitrary EWC a in A.
X
X
(60)
hθ, ai =
θk ak +
θk ak
k∈Ω
(a)

=

(b)

=
=

(c)

≥
(d)

≥
≥

k∈Ω

A
ak
2(n − 1)B
k∈Ω
k∈Ω
X
X
X
A
θk ak +
ak
θk ak −
2(n − 1)B
k∈Ω
k∈Ω
k∈Ω
X
A
hθ, ai −
ak
2(n − 1)B
k∈Ω
X
A
A−
ak
2(n − 1)B
k∈Ω
X
A
A−
B
2(n − 1)B
k∈Ω
X
A
A−
2(n − 1)
X

θk ak −

X

k∈Ω

(e)

≥

A−

>

0

A
2

P
In step (60a), I have used the position (59). In step (60b), I have added the quantity k∈Ω θk ak , which is null
because the weights θk corresponding to indices k ∈ Ω are all null. In step (60c), I have lower-bounded by replacing
hθ, ai with the smallest possible value A. In step (60d), I have lower-bounded by replacing ak with its smallest
possible value B (this step is licit, because ak is multiplied by a positive coefficient, since B is negative). In step
(60e), I have used the fact that the original weight vector θ can contain at most n − 1 null weights (at least one
weight needs to be non-null in order for θ to yield a strictly positive scalar product with the EWCs in A), so that
the sum over Ω has at most n − 1 terms.

Using the preceding lemma, I can now straightforwardly formalize the reasoning sketched in subsection 2.3 into
a proof of the convergence theorem 2 for the truncated Perceptron, as shown in the rest of this subsection.
Theorem 2 (general version). Suppose that the HG error-driven learner (38) with the deterministic update
condition (36a) and the truncated Perceptron reweighing rule (37b) is trained on an HG consistent training set A
of EWCs. Let E be the collection of all EWCs whose components are all zeros but for one component which is equal
to 1. The number of errors made by the learner can be bound as follows

2
ρ(A)
(61)
µ(A ∪ E)
where ρ(A) is the radius of the training set A and µ(A ∪ E) is the margin of the training set A extended with the
set E of “dummy” EWCs.

Proof. By reasoning as in subsection 2.3, any run of the HG error-driven learner with the truncated Perceptron
reweighing rule on a training set A of EWCs can be mimicked with a run of the algorithm with the original
Perceptron reweighing rule on the extended set of EWCs A ∪ E. In fact, suppose that the truncated Perceptron
leaves a weight θk at zero while the original Perceptron demotes it down to, say, −5. Then, the original Perceptron
can be forced to bring it back to zero by feeding it for five times with the EWC in E which has all components
equal to zero but for the kth component which is equal to 1. In other words, the EWCs in E play the role of the
“dummy data” considered in subsection 2.3. The worst-case number of errors Ttruncated (A) made by the truncated
Perceptron on the training set A can thus be bound as in (62) in terms of the number of errors Toriginal (A ∪ E)
made by the original Perceptron on the extended training set A ∪ E.
(62)

Ttruncated (A) ≤ Toriginal (A ∪ E)

I can assume that the training set A has a finite radius ρ(A), as the bound (61) would otherwise be infinite and the
theorem thus trivial. Furthermore, the EWCs in A have integer components, because their components represent
constraint violation differences. I can thus conclude that the training set A is finite. As it is furthermore HG
consistent by hypothesis, lemma 1 ensures that there exists a vector θ of strictly positive weights which is HGconsistent with A. Since any vector of strictly positive weights is HG-consistent with the EWCs in E, I conclude that
this weight vector θ is HG-consistent with the extended training set A ∪ E. The Perceptron convergence theorem
1 thus applies, ensuring that the worst-case number of errors Toriginal (A ∪ E) made by the original Perceptron on
the extended data set A ∪ E can be bound in terms of its radius and margin, as stated in (63).
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(63)

Toriginal (A ∪ E) ≤

ρ(A ∪ E)
µ(A ∪ E)

2

The radius of the extended training set A ∪ E is equal to the radius on the original training set A, as computed
in (64). In the first equality, I have used the definition (50a) of the radius; in the second equality, I have used the
fact that the vectors e ∈ E are unit vectors, namely kek = 1. Finally in the third equality, I have used the fact
that all the EWC a ∈ A have integer components, so that kak ≥ 1.




(64) ρ(A ∪ E) = max maxkak, maxkek = max maxkak, 1 = max ||a| = ρ(A)
a∈A

e∈E

a∈A

a∈A

The claim follows by combining (62), (63), and (64).



The identity (64) shows that the radius ρ(A ∪ E) of the extended training set A ∪ E coincides with the radius
ρ(A) of the original training set A. This is not true for the margin: the margin µ(A ∪ E) of the extended training
set can be quite smaller than the margin µ(A) of the original training set, so that the error-bound (61) for the
truncated Perceptron can be worse (namely, larger) than the error-bound (51) for the original Perceptron.
C.3. Proof of the convergence theorem 4 for the (original and truncated) stochastic Perceptron
This subsection reviews Boersma and Pater’s (to appear) proof of the convergence theorem 4 for the HG
stochastic error-driven learner with the (original or truncated) Perceptron reweighing rule, repeated below.
Theorem 4. Suppose that the HG error-driven learner (38) with the stochastic update condition (36b) is trained on
an HG consistent training set A of EWCs. Suppose that the components of the stochastic vectors  = (1 , . . . , n )
are sampled uniformly in between the values −∆ and ∆ for some constant ∆ ≥ 0, as described in subsection 4.1.
The number of errors made by the learner is at most (45a) and (45b) for the original and the truncated Perceptron
reweighing rules (37)


2
2
ρ(A)
ρ(A)
β(A)
β(A)
(65) a.
b.
+ 2n∆ 2
+ 2n∆ 2
µ(A)
µ (A)
µ(A ∪ E)
µ (A ∪ E)
where β = β(A) is the largest constraint difference (ignoring sign) over the training set A:
(66)

β = β(A) =

max
a=(a1 ,...,an )∈A

max |ak |
k

and furthermore ρ(A) and µ(A) are the radius and the margin of the training dataset A and µ(A∪E) is the margin
of the training set A extended with the set E of EWCs whose components are all zeros but for one which is instead
equal to 1.

Proof. To start, consider the case of the original Perceptron reweighing rule (37a). Again, assume without loss of
generality that the current ranking vector is always updated and denote by θ t the current ranking vector entertained
by the algorithm at time t. The chain of inequalities in (54) in the proof of the original Perceptron converge theorem
1 carries over from the deterministic to the stochastic implementation. Thus, the bound (55) also holds for the
stochastic implementation, and is therefore repeated in (67).
(67)

hθ, θ t i
≥ tµ.
kθk

This bound says that the scalar product between a weight vector θ consistent with the training EWCs and the
current weight vector θ t grows faster than t.
The chain of inequalities in (52) in the proof of the original Perceptron converge theorem 1 instead does not
carry over from the deterministic to the stochastic implementation. It thus needs to be modified as follows. To
start, note that the chain of inequalities in (68) holds, where θ t is the current weight vector and  is the current
stochastic vector. The first inequality holds because of the assumption that the stochastic consistency condition
(36b) has failed at time t triggering an update. The last inequality holds because of the definition (66) of the bound
β together with the assumption that the components of the stochastic vector  are bounded between −∆ and ∆.
(68)

0 ≥ hθ t + , ai = hθ t , ai + h, ai ≥ hθ t , ai − n∆β

The chain of inequalities in (52) in the proof of the original Perceptron converge theorem 1 can now be modified as
in (69) for the stochastic Perceptron. The only novelty is that in the penultimate step, I have used the inequality
hθ t , ai ≤ n∆β obtained in (68).
(69)

||θ t+1 ||2

=
=
≤
≤

kθ t + at k2
kθ t k2 + kat k2 + 2hθ t , at i
kθ t k2 + kat k2 + 2n∆β
kθ t k2 + ρ2 + 2n∆β
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Since the inequality (69) holds at every time t and since the initial weight vector has null norm, then we obtain
the inequality (70), which shows that the squared norm of the current weight vector θ t grows with time t at most
linearly.
(70)

||θ t ||2 ≤ t(ρ2 + 2n∆β)

Finally, the error-bound (65a) for the stochastic HG error-driven learner with the original Perceptron reweighing rule
is obtained by combining the two inequalities (67) and (70) exactly as done in (56) for the case of the deterministic
implementation.
As seen in appendix C.2, the convergence theorem 1 for the deterministic HG learner with the original Perceptron reweighing rule straightforwardly yields the convergence theorem 2 for the deterministic learner with the
truncated Perceptron reweighing rule. Nothing changes when we switch from the deterministic to the stochastic
implementation: again, convergence of the stochastic HG error-driven learner with the original Perceptron reweighing rule straightforwardly yields convergence for the stochastic learner with the truncated Perceptron reweighing
rule.

C.4. Computing the margin of the counterexample
Consider again the counterexample constructed in subsection 3.3 to show that the number of errors made by the
HG error-driven learner can grow astronomically large. In Appendix B.1, I have provided a reformulation of this
counterexample in EWC notation. Let An be the EWC matrix for the case with n constraints. To illustrate, the
EWC matrices A5 and A10 corresponding to the cases n = 5 and n = 10 are explicitly provided in (46). Since the
constraints used in this counterexample are not binary, then the generalized version of theorem 1 from appendix
A.4 is needed in order to bound the number of errors made by the HG error-driven learner on the training dataset
An . The error-bound (43) provided by this theorem is ρ2n /µ2n , where: ρn = ρ(An ) is the radius of the training set
An corresponding to n constraints and µn = µ(An ) is its margin, as defined geometrically in appendix A.3 and
analytically in (50) in appendix C.1.
The squared radius is equal to ρ2n = 1 + 32 + 1 + 1 = 12, and is therefore a constant which does not depend on
the number n of constraints. Vapnik (1998, Theorem 10.2) ensures that the squared inverse 1/µ2n of the margin of
the dataset An coincides with the (unique) solution of the optimization problem (71) in the variable θ ∈ Rn .
(71)

minimize:
subject to:

||θ||2
hθ, ai ≥ 1

for every EWC a in the training set An

As (71) is a convex quadratic program, it can be solved with standard optimization software, such as the Matlab
optimization toolbox. The results for n = 5, 6, 7, 8, 9, 10 are plotted in (21a).
C.5. Computing the best-case number of errors on the counterexample
In this appendix, I assume that a weight vector θ is a column vector and that an EWC a is a row vector. A
certain number m of EWCs are stacked one on top of the other into a matrix A ∈ Rm×n with m rows (as many
rows as there are EWCs) and n columns (as many columns as there are constraints). Given a matrix A, AT stands
for its transpose and Aθ for the row-by-column matrix product. For any two vectors v, w ∈ Rn , the inequality
v ≥ w (and v > w) means that each component of v is at least as large as (is strictly larger than, respectively)
the corresponding component of w.
Let again An be the EWC matrix which describes the counterexample constructed in subsection 3.3 corresponding to n constraints. The final weight vector θ entertained at convergence by the Perceptron algorithm trained on
the EWC set An must be HG-consistent with each training EWC, namely must satisfy the strict matrix inequality
(72a), where 0 is a column vector of n − 1 entries all equal to 0.
(72)

a. An θ > 0
b. θ = ATn α
c. An ATn α > 0
d. An ATn α ≥ 1

The algorithm starts from the null weight vector and at each update adds to the current weight vector the row of
the matrix An corresponding to the EWC which is triggering the current update. This means in turn that the final
weight vector is the sum of the rows of the matrix A, each multiplied by the corresponding number of updates it
has triggered in the run considered. The latter condition can be expressed as the matrix equation (72b), for some
integer vector α = (α1 , . . . , αn−1 ), where αi represents the number of updates triggered by the EWC corresponding
to the ith row of the matrix An . This vector α is also called the dual vector corresponding to the primal weight
vector θ. By combining (72a) and (72b), I obtain the strict matrix inequality (72c), which involves the dual not
the primal vector. Finally, since α is an integer vector and An is an integer matrix, the strict inequality (72c) is
equivalent to the inequality (72d), where 1 is a column vector of n − 1 entries all equal to 1.
The total number of updates performed by the Perceptron algorithm in the run considered coincides with the
sum α1 + . . . + αn−1 of the number α1 of updates triggered by the first EWC plus the number α2 of updates
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triggered by the second EWC and so on down to the number αn−1 of updates triggered by the last of the n − 1
EWCs. Furthermore, these nonnegative numbers α1 , . . . , αn−1 need to satisfy the matrix inequality (72d). In the
end, the number of updates performed by the Perceptron algorithm to reach convergence cannot be smaller than
the solution of the optimization problem (73) in the variable α ∈ Rn−1 , which therefore provides a lower bound on
the best-case number of updates performed by the algorithm.
(73)

minimize:
subject to:

α1 + . . . + αn−1
An ATn α ≥ 1
α≥0

As (73) is a linear program, it can be solved with standard optimization software, such as the Matlab optimization
toolbox. The results for n = 5, 6, 7, 8, 9, 10 are plotted with the dotted line in (21b).
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5

implement.

deterministic
stochastic
6 deterministic
stochastic
7 deterministic
stochastic
8 deterministic
stochastic
9 deterministic
stochastic
10 deterministic
stochastic
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number of errors made in the 10 runs
11
20
18
36
24
65
31
92
38
161
47
173
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23
18
32
24
51
33
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38
133
47
231

11
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18
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24
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24
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211
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27
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126
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20
18
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mean SD
11
17
18
54
24
75
31
44
38
192
47
230

11.0
21.5
18.0
36.6
24.0
61.2
31.8
90.73
38.0
148.8
47.0
201.5

0.0
5.48
0.0
10.90
0.0
14.73
0.98
26.4
0.0
24.67
0.0
24.00

Table 1. Number of errors made by the OT error-driven ranking algorithm before convergence
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implement.

implement.

deterministic
stochastic
6 deterministic
stochastic
7 deterministic
stochastic
8 deterministic
stochastic
9 deterministic
stochastic
10 deterministic
stochastic

5

n

deterministic
stochastic
6 deterministic
stochastic
7 deterministic
stochastic
8 deterministic
stochastic
9 deterministic
stochastic
10 deterministic
stochastic

5

n

617
693
4382
5640
29561
37480
185421
231715
1086527
1313655
6451243
8066792

443
594
3391
4636
21243
27292
133428
168308
839247
1049133
5023263
6302072

443
609
3339
3890
22372
27988
132236
174555
810922
1054629
4979108
6178011

443
526
3160
4158
21243
26500
136045
163193
823813
1027922
5000812
6220226

443
443
3339
4337
21153
28758
138288
177339
828782
1006364
4890064
6266090

443
609
2966
4531
22372
27091
136045
174015
828782
1038695
4908069
6109914

443
609
3197
4315
21871
24062
136698
163193
831608
1004155
4955077
6218211

443
526
3160
4315
21744
27756
138506
176813
841855
1059817
4938344
6181172

443
511
3160
4084
21280
25782
133210
163822
824031
1033636
4938871
5934271

443
526
3160
4248
21871
30209
139751
160231
834368
1009753
4878729
6173002

608
874
4510
5618
30012
35646
184253
223001
1102998
1383520
6450208
7937825

576
706
4345
5779
29535
33407
182034
219277
1100572
1399764
6478230
7977033

607
630
4662
5520
30308
37663
186159
212590
1096704
1416778
6507866
7926763

609
657
4563
5345
29934
35757
185202
224250
1096580
1397433
6370174
7750502

604
801
4598
5350
30387
36901
186264
222747
1107024
1356751
6449933
7843547

580
619
4632
5942
30338
34523
184613
225288
1099137
1376207
6361722
8050801

618
727
4507
5399
29438
34752
180310
222889
1103871
1397803
6439061
8003092

611
744
4332
5225
30151
36153
180844
209114
1103721
1361640
6522585
7865444

Table 3. Number of errors made by the HG truncated Perceptron before convergence

617
936
4476
5332
29055
37218
186248
217371
1103322
1319071
6494936
7735720

number of errors made in the 10 runs

Table 2. Number of errors made by the HG original Perceptron before convergence

443
526
3391
4688
21961
28130
139533
176686
816109
1070129
4926701
6180108

number of errors made in the 10 runs

604.75
738.7
4500.7
5515.0
29871.90
35950.0
184134.8
220824.20
1100045.601
1372262.2
6452595.8
7915751.9

mean

443.0
547.9
3226.30
4320.2
21711.0
27356.8
136374.0
169815.5
827951.67
1,035,423.3
4943903.8
6176307.70

mean

14.1
98.61
111.41
215.74
428.94
1337.79
2144.86
6182.39
5507.48
32838.61
50648.1
109775.66

SD

0.0
52.54
128.78
234.99
438.61
1593.7
2563.72
6408.14
9162.77
22153.18
44365.97
95186.16

SD
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