ERROR-DRIVEN LEARNING IN OT AND HG: A COMPARISON
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Abstract. The OT error-driven learner is known to admit guarantees of efficiency, stochastic tolerance
and noise robustness which hold independently of any substantive assumptions on the constraints. This
paper shows that the HG learner instead does not admit such constraint-independent guarantees. The HG
theory of error-driven learning thus needs to be substantially restricted to specific constraint sets.

1. INTRODUCTION

An error-driven learner entertains a current grammar which is slightly updated whenever it makes an
error on the current piece of data. The computational theory of error-driven learning provides guarantees
for four core requirements: convergence (is the number of errors made by the learner finite?), efficiency
(is the number of errors furthermore small?), stochastic tolerance (does the number of errors remain
small for the stochastic implementation?), and noise robustness (does it remain small in the presence of
noisy data?).! Within constraint-based phonology, these computational guarantees can be derived from
two perspectives (Tesar and Smolensky 2000, section 1.2): the constraint-independent perspective derives
computational guarantees from just the formal mode of constraint interaction; the constraint-dependent
perspective instead resorts to substantive assumptions on the phonological constraints. This paper com-
pares error-driven learning within two frameworks for constraint-based phonology: Harmonic Grammar
(HG; Legendre, Miyata, and Smolensky 1998b,a; Smolensky and Legendre 2006) and Optimality Theory
(OT; Prince and Smolensky 2004). The OT learner has been endowed with computational guarantees for
efficiency, stochastic tolerance, and noise robustness which hold independently of any substantive assump-
tions on the constraints. This paper shows that the HG learner instead does not admit such constraint-
independent guarantees. Any guarantees of efficiency, stochastic tolerance, and noise robustness in HG
thus need to be restricted to specific constraint sets.

The paper is organized as follows. Section 2 outlines the logical structure of the computational theory of
error-driven learning in constraint-based phonology. Section 3 introduces the OT and HG implementations
of error-driven learning. Section 4 compares the two implementations from the perspective of efficiency.
It presents a counterexample where the number of errors made by the HG learner grows so fast with
the number of constraints that the learner makes over five million errors to weight just ten constraints.
Despite the fact that the corresponding HG and OT typologies coincide, the OT learner instead makes
less than fifty errors, as expected because of its constraint-independent efficiency guarantees (Tesar and
Smolensky 1998; Magri 2012b). Section 5 extends the comparison to the stochastic implementation of
error-driven learning. It shows that the number of additional errors made by the HG stochastic learner on
top of the already astronomical number of errors made by the deterministic learner grows so fast with the
number of constraints that over one million additional errors are made in the counterexample with just
ten constraints. The OT stochastic learner instead makes only around 150 additional errors, as expected
because of its constraint-independent guarantees of stochastic tolerance (Magri 2015¢). Finally, section
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IThese four requirements are singled out here because they have to do with the number of errors and thus pertain
specifically to the theory of error-driven learning. Of course, there are a number of additional issues (such as restrictiveness,
coping with hidden structure, inferring underlying representations, etcetera) which are central to the computational theory
of language learning, independently of whether the model adopted is error-driven or not.
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6 extends the comparison to the noisy learning setting. It shows that the number of additional errors
made by the HG learner because of noisy training data grows so fast that a single small update by a
noisy piece of data (which changes at most three of the ten weights by at most 2) requires over 60,000
additional updates to recover. The OT learner instead makes only nine additional errors, as expected
because of its constraint-independent guarantees of noise robustness (Magri 2015¢). Section 7 concludes
with a discussion of the implications of these results for phonological theory and language acquisition.

This paper contributes to the current debate between the OT and HG implementations of constraint-
based phonology (Pater 2009) from the perspective of (error-driven) learnability. Even if HG turns out in
the end to be better motivated than OT from a typological perspective, the counterexamples discussed in
this paper and their detailed analyses still matter, as they focus the HG research agenda on the learnability
implications of substantive constraint restrictions.

2. THE COMPUTATIONAL THEORY OF ERROR-DRIVEN LEARNING IN CONSTRAINT-BASED PHONOLOGY

This section outlines the logical structure of the computational theory of error-driven learning in
constraint-based phonology, building towards the synopsis in (6).

2.1. Convergence and efficiency

Assume that the learner is provided with the space of grammars G1, G2, etcetera. The learner maintains
a current grammar, which represents its current hypothesis on the target adult grammar. Data come in a
stream. Whenever the current grammar (say G1) makes an error on the current piece of data (say, datum
1), it is updated to a slightly different one (say, G2). The current piece of data is then discarded and the
learner waits for the next piece of data to evaluate the performance of the updated grammar.

(1) -- datum 1--- datum 2 ----- datum 3 ------- >

| X |
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This learning scheme is called error-driven because the learning dynamics is driven by the errors made
on the incoming stream of data. This scheme has been thoroughly investigated in the machine learning
literature (under the heading of online learning; for a review, see Kivinen 2003; Cesa-Bianchi and Lugosi
2006, chapters 11, 12; and Mohri et al. 2012, ch. 7). Within the language acquisition literature, this
learning scheme has been endorsed at least since Wexler and Culicover (1980) for two reasons. First, an
error-driven learner describes a sequence of grammars in the typological space which provides a tool to
model child acquisition paths. Second, an error-driven learner does not keep track of previously seen data:
the current piece of data is compared with the current grammar and then discarded.? It is thus perfectly
suited to model the early stages of language acquisition prior to the development of the native language
lexicon, such as the early acquisition of phonotactics (Hayes 2004).3

2 The term error-driven is used here to refer to a learner with the following two properties (see also Tesar 2013, section
5.4.1). First, it maintains a current grammar which is only updated when it makes an error on the current piece of data.
Second, it maintains nothing else besides the current grammar. Thus in particular, it does not store any of the data seen
at previous iterations. And the update of the current grammar is completely determined by the current piece of data alone,
while previously seen data play no role in the definition of the update. This second property is independent of the first
property. For instance, Tesar’s (2004) Multi- Recursive Constraint Demotion (MRCD) is a learner which maintains a current
OT grammar which is only updated when it makes an error on the current piece of data, as required by the first property.
Yet, MRCD does not comply with the second property, because it also maintains a selection of previously seen data (called
the support), which partake in the update of the current grammar.

3 Admittedly, non-error-driven models of the early stage of the acquisition of phonotactics (say, models such as those
proposed by Prince and Tesar 2004 and Hayes 2004 within OT) do not really require a stored “lexicon”. Rather, they
only require a “proto-lexicon” which consists of bare phonological forms, with no morphological decomposition and no
corresponding meanings. It is conceivable that the child might be able to assemble this proto-lexicon before any morphological
and semantic learning has happened at this early developmental stage. Yet, the point sticks that the burden of proof lies
with the proponents of non-error-driven learning: it is up to them to justify the plausibility of their modeling assumptions by
providing psycholinguistic evidence that such proto-lexica are indeed stored and already available in the very first months of
life. Error-driven learning thus does have a leg up, in the sense that it is less demanding from a psycholinguistic perspective.
For instance, Gibson and Wexler (1994, p. 410) underline as one of the virtues of error-driven learning the fact that “it
requires no memory of either earlier data or previous parameter settings, so as to limit reliance on the child’s memory.”



The most basic question of the computational theory of error-driven learning concerns convergence: is it
possible to guarantee that the learner only makes a finite number of errors? Convergence is crucial because
it means that the learner eventually settles on a final grammar which will never be further updated and
thus counts as the grammar learned by the algorithm. Of course, there is little difference between the
number of errors being infinite and it being finite but astronomically large. The next crucial question of
the computational theory of error-driven learning thus concerns efficiency: is the number of errors not
only finite but also small enough that the final grammar is efficiently converged on? Of course, the number
of errors made by the learner should be allowed to grow with the complexity of the learning task. In
constraint-based phonology, the simplest measure of complexity is the number of phonological constraints.
Thus, the number of errors is “small” (and the learner efficient) provided it grows slowly (polynomially)
with the number of constraints.

2.2. Stochastic tolerance

The implementation of error-driven learning schematized in (1) is called deterministic, to distinguish
it from the stochastic implementation (Boersma 1997, 1998; Boersma and Hayes 2001; Coetzee and Pater
2008, 2011; Coetzee and Kawahara 2013; Jarosz 2013; Boersma and Pater to appear) schematized in (2).
The latter differs because the current piece of data (say, datum 1) is compared not with the current
grammar (say, G1) but with a variant thereof (say, G}) sampled from a neighborhood of the current
grammar (depicted as a dashed circle centered at G).

(2)  -- datum 1--- datum 2 ----- datum 3 ------- >
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Assume that the stochastic error-driven learner is trained on a sequence of data generated by some (de-
terministic') target grammar. In the worst-case scenario, the stochastic learner can make more errors
than the deterministic learner, because the stochastic component can derail the leaner away from the
most straightforward learning path (the simulations reported in section 5 will show that to indeed be the
case). The worst-case number of errors made by a stochastic learner can thus be expressed as the sum
of two terms. The first term (3a) is the worst-case number of errors made by the deterministic learner,
which measures the difficulty of error-driven learning. The second term (3b) is the worst-case number
of additional errors made by the stochastic learner, which measures the slow down due to the stochastic
implementation.

worst-case number worst-case number worst-case number
(3) of errors made by = of errors made by + of additional errors due
the stochastic learner the deterministic learner to the stochastic implementation

(a) (b)

The next question of the theory of error-driven learning concerns its tolerance of the stochastic component:
is the number (3b) of additional errors due to the stochastic implementation small enough not to disrupt
efficiency? Again, this number (3b) of additional errors should be allowed to grow with the complexity
of the learning task, measured as the number of constraints. Thus, the number (3b) of additional errors
is “small’ (and the learner tolerant of the stochastic component) provided it grows slowly (polynomially)
with the number of constraints.’

4General results on the ability of a stochastic error-driven learner to learn a stochastic target grammar are still unavailable
(but see Boersma and Hayes 2001 for simulation results and Magri and Storme forth. for a detailed analysis of those simulation
results).

5 The number (3b) of additional errors is also expected to depend on the “size” of the stochastic component, namely the
radius of the dashed circles in (2). A large radius means that the stochastic component can exert a large effect because the
stochastic grammars G, G}, ... can be far apart from the deterministic grammars G1, G2, .... Yet, the term (3b) will turn
out to grow slowly with the size of the stochastic component in both the OT and HG implementations (see footnote 25). I
thus only focus on its growth with the number of constraints, which instead will turn out to distinguish between the OT and
HG learners.
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2.3. Noise robustness

So far, I have assumed that the learner is trained on a stream of pristine data generated by some target
grammar in the typology. A more realistic learning setting needs instead to allow for the possibility that a
small portion of the training data could have been corrupted by transmission noise or speech errors (Gibson
and Wexler 1994, p. 410; Frank and Kapur 1996, p. 625; Boersma and Hayes 2001, pp. 66-67; Bir6é 2006).
I schematize this more realistic noisy setting as in (4), where the data off the dotted line (such as datum
2) are meant to be corrupted by noise and thus inconsistent with the rest of the pristine data.

(4) datum 2

--datum 1------F-------- datum 3 ------- >

G,

Suppose that the (possibly infinite) sequence of pristine training data is interspersed with a finite number
of data corrupted by noise. No assumptions are made on the corrupted data apart from there being only
a finite number of them.® The corrupted data make the learning problem harder (Magri 2013a, section
2) and might thus force the learner to make more errors. In other words, the number of errors made by
the learner on a possibly corrupted training sequence can be expressed as the sum of two terms. The first
term (5a) is the number of errors which would have been made on the sequence of pristine data with the
corrupted data removed. The second term (5b) is the number of additional errors due to the corrupted
data.

worst-case number worst-case number worst-case number
(5) of errors made by the = of errors made in + of additional errors due
learner in the noisy setting the noise-free case  to the corrupted training data

(a) (b)

The final question of the theory of error-driven learning concerns its robustness to noise: is the number of
additional errors (5b) due to the corrupted data small enough not to disrupt efficiency? Again, this number
(5b) of additional errors should be allowed to grow with the complexity of the learning task, measured as
the number of constraints (as well as, of course, the number of corrupted data and the size of the faulty
updates they cause). Thus, the number (5b) of additional errors is “small’ (and the learner robust to noise)
provided it grows slowly (polynomially) with the number of constraints.

2.4. Constraint-dependent and -independent perspective

Tesar (2013, p. 18) summarizes the core tenet of generative linguistics as follows: “for language learning
to be possible, the linguistic theory must have some kind of non-trivial structure [...] that can be exploited
by a learner.” What type of non-trivial structure yields guarantees for convergence, efficiency, stochastic
tolerance, and noise robustness of error-driven learning? Within constraint-based phonology, “phonological
theory contains two parts: a theory of substantive universals of phonological well-formedness, and a theory
of formal universals of constraint interaction” (Prince and Smolensky 2004, p. 67). Correspondingly, com-
putational guarantees for error-driven learning can be developed from either of two perspectives (Tesar and
Smolensky 2000, section 1.2). The constraint-independent perspective derives computational guarantees
from the formal properties of the mode of constraint interaction alone (say, the logic of transitive orders
in the case of OT or the linear algebra underlying HG). It does not make any substantive assumptions on
the phonological content of the constraints. The constraint-dependent perspective instead derives compu-
tational guarantees from the additional structure brought about through substantive restrictions on the

6 Indeed, if an infinite number of corrupted data were allowed, the worst case number of errors would be infinite: whenever
the learner rests on a hypothesis, it can be prompted to perform yet another update through a maliciously crafted piece of
corrupted data.
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phonological content of the constraints.” It is standard practice in the literature to adopt the constraint-
independent perspective as the starting point, and to resort to the alternative constraint-dependent per-
spective only when the former fails. For instance, Eisner (2000, p. 23) writes: “The algorithms for learning
[...] are designed to be general for any [constraint set] [...]. That is, these methods are not tailored
(as others might be) to exploit the structure of some specific, putatively universal [constraint set].” The
main reason for this privileged status accorded to the constraint-independent perspective is that, when
it succeeds, it yields stronger results, namely computational guarantees that hold for a completely arbi-
trary constraint set. It thus circumvents the contentious issue of characterizing phonologically plausible
constraint sets. And it ensures that the computational theory won’t have to be revised whenever new
phonological data are uncovered or better analyses developed.

2.5. Summary

The computational theory of error-driven learning in constraint-based phonology outlined in this section
is synopsized in (6). The theory aims at computational guarantees for convergence, efficiency, stochastic
tolerance, and noise robustness, which correspond to the four rows of the table. And it adopts a constraint-
independent or -dependent perspective, which correspond to the two columns.

(6) a. Does CONVERGENCE hold for 10 | e. Does CONVERGENCE hold for
any constraint set? i specific constraint sets?

yes + + yes
b. Does EFFICIENCY hold for any | "¢ | f. Does EFFICIENCY hold for spe-
constraint set? cific constraint sets?
+ yes
¢. Does STOCHASTIC TOLERANCE "0 | ¢ Does STOCHASTIC TOLERANCE
hold for any constraint set? hold for specific constraint sets? | J,

yes

d. Does NOISE ROBUSTNESS hold 70 | h. Does NOISE ROBUSTNESS hold
for any constraint set? ’ for specific constraint sets?

The horizontal arrows encode the privileged status accorded to the constraint-independent perspective:
they say that a constraint-dependent question (listed in the right column) is tackled only when the corre-
sponding constraint-independent question (listed in the left column) has been answered negatively. The
vertical arrows encode additional dependencies among the eight questions. For instance, it only makes
sense to investigate efficiency (i.e., whether the number of errors is small) provided convergence has been
established (i.e., the number of errors is finite), as encoded by the two arrows between questions (6a) and
(6b) and between (6¢) and (6f). Furthermore, it only makes sense to investigate stochastic tolerance and
noise robustness for a certain constraint set after efficiency has been established for that constraint set, as
encoded with the two arrows between question (6f) and questions (6g) and (6h). In fact, a learner which
is inefficient in its deterministic implementation and in a noise-free setting is useless to start with. On the
other hand, even if efficiency fails from the ambitious constraint-independent perspective, it could still be
the case that the number of additional errors (3b) and (5b) due to the stochastic implementation or the
noisy data does remain small for any constraint set. There is therefore no arrow relating question (6b)
with questions (6¢) and (6d).

3. ERROR-DRIVEN LEARNING IN OT anD HG

3.1. Algorithmic core

The HG typology of grammars is parameterized through a weight vector @ = (61, 65, . ..) which assigns a
weight 6 to each constraint Cj,. The OT typology is instead parameterized through a constraint ranking.
A ranking can be represented numerically through a ranking vector @ = (61,02, ... ) which assigns a ranking
value 0, to each constraint C: a constraint is ranked above another constraint whenever the ranking value
of the former is larger than the ranking value of the latter (Boersma 1997, 1998, 2009). The error-driven
learning scheme sketched in (1) can then be formalized as in (7) within either HG and OT.

"The distinction between constraint-independent and -dependent perspective corresponds to the classical distinction be-
tween formal and substantive universals of linguistic theory (Chomsky 1965, §1.5).



6 GIORGIO MAGRI

Initialize the Step (a) get Step (b) check Step (c): up-
current vector 0 an underly- whether the cur- date the current

which represents the ing/winner/loser rent vector 0 is vector @ in
current hypothesis forrn trlplet consistent with the response to its
of the learner (z, y7 current triplet (z,y,= current failure

The learner maintains a current vector 8 of weights or ranking values. For concreteness, I assume that its
components are initially set all equal to zero. The current vector € is then updated by looping through
steps (7a)-(7c¢). At step (7a), the learner receives the current piece of data. At step (7b), the learner checks
whether the OT or HG grammar corresponding to the current vector 8 is consistent with that piece of
data. If that is the case, the learner has nothing to learn from the current piece of data, loops back to step
(7a) and waits for more data. Otherwise, the learner updates the current vector 6 at step (7c) and then
loops back to step (7a) and starts all over again. The rest of this section describes steps (7a)-(7c).

3.2. Data

At step (7a), the learner receives a piece of data. At a minimum, this piece of data consists of a surface
form y, say some form which is licit according to the phonotactics corresponding to the target grammar
the learner is being trained on. In some applications, the corresponding underlying form x can be assumed
to be provided as well. In other applications instead, the learner needs to be endowed with an additional
subroutine to reconstruct the underlying form (e.g., set the current underlying form x identical to the
current surface form y; Prince and Tesar 2004; Hayes 2004; Magri 2015b). Since this paper abstracts away
from the proper definition of this subroutine, the underlying form is assumed to be provided along with the
surface form at step (7a). The mapping (z,y) of the underlying form z to the surface form y must beat the
mapping (z,%) of x to any other loser candidate = (loser candidates are stricken out as a mnemonic). The
learner thus needs to focus on one such loser candidate =. Usually, this loser candidate is chosen through
a proper subroutine. This paper abstracts away from the proper definition of this subroutine as well. The
loser form is thus assumed to be provided along with the underlying and winner forms at step (7a). In
the end, the piece of data fed to the learner at step (7a) consists of a whole underlying/winner/loser form
triplet (z,y,%).

3.3. Update conditions

At step (7b), the error-driven learner checks whether the HG or OT grammar corresponding to the cur-
rent weight or ranking vector @ = (01,602, ...) is consistent with the current underlying/winner/loser form
triplet (z,y,%), namely manages to make the current winner y beat the current loser = for the underlying
form z. In the case of HG, this consistency condition is (8). The wviolation difference corresponding to
constraint Cj, is the difference between the number of violations Cy(z,%) it assigns to the loser # minus
the number of violations C(x,y) it assigns to the winner y. Condition (8) thus requires the average of
the constraint violation differences weighted by the weights 85 to be strictly positive.

8) (C’l(x,%) _ Cl(m,y))Gl + (cg(x,%) —cg(x,y))eg £...>0

violation difference violation difference
of constraint Cy of constraint Cs

In the case of OT, the consistency condition checked at step (7b) is (9). This condition requires the
largest ranking value among the winner-preferring constraints in W (namely those constraints which have
a positive violation difference, namely assign less violations to the intended winner y than to the intended
loser %) to be larger than the largest ranking value among the loser-preferring constraints in L (namely
those constraints which have a negative violation difference, namely assign more violations to the intended
winner y than to the intended loser #).%

(9) max8, > max b
hew keL

Conditions (8)/(9) will be referred to as the HG and OT update conditions, as the learner performs an
update only in case these conditions fail. Note that both update conditions do not depend on the actual
number of constraint violations but only on the constraint violation differences.

8If two or more ranking values tie, the ranking vector corresponds to multiple rankings, which resolve the ties in all
possible ways while being consistent with the relative sizes of the ranking values. Condition (9) ensures that the OT
grammar corresponding to each such ranking manages to make the winner y beat the loser # (Boersma 2009).



3.4. Update rules

At step (7c), the error-driven learner updates the current weight or ranking vector @ = (61,6s,...) in
case the corresponding grammar has failed on the current piece of data. In the case of HG, the literature
has adopted the Perceptron (or delta) update rule in (10) (Jesney and Tessier 2011; Coetzee and Pater
2008, 2011; Coetzee and Kawahara 2013; Boersma and Pater to appear). If a constraint C} is winner-
preferring (loser-preferring), its violation difference C(x,%) — Ci(z,y) is positive (negative), so that its
weight is increased (decreased) by (10). The algorithm (7) with the HG update condition (8) at step (7b)
and the reweighing rule (10) at step (7c) is called the (Perceptron) HG error-driven learning algorithm?®

(10) Update each current weight 6; by adding the corresponding violation difference Cj(z,%)—Ck(z,y).

Despite its wide use in the current HG literature, this Perceptron update rule runs into the following
problem. Constraints express penalties in constraint-based phonology, never rewards (Legendre et al.
2006; Keller 2000). Constraint weights must therefore be required to be nonnegative in order for HG to
avoid undesired typological predictions. Yet, the Perceptron reweighing rule (10) does not in any way
guarantee non negativity of the current and final weights entertained by the learner. A natural strategy
to overcome this problem is to resort to the variant (11), which truncates the updates at zero (Boersma
and Pater to appear, p. 19; Boersma and van Leussen 2014, section 5; Magri 2015a). The algorithm (7)
with the HG update condition (8) at step (7b) and this new reweighing rule (11) at step (7c) is called the
truncated Perceptron HG learner.

(11) Update each weight by adding the violation difference of the corresponding constraint as in (10),
unless that update would make that current weight negative, in which case do not modify that weight.

Turning to OT, the generic re-ranking used by the error-driven learner at step (7¢) has the shape in (12).
The promotion component (12a) of the re-ranking rule promotes the winner-preferring constraints by a
promotion amount which is equal to the inverse of the number w of winner-preferring constraints scaled
by a constant ¢ (Magri 2012b). This constant ¢ used to calibrate the promotion amount on the number
of winner-preferring constraints can be zero (in which case the learner performs no constraint promotion)
or positive. In the rest of the paper, I will assume that c is larger than zero, so that the re-ranking rule
performs both constraint demotion and promotion and thus comes closer to the reweighing rule (10)/(11)
used by the HG learner. To illustrate, if ¢ = 1/2 (this is the choice used in the simulations reported in
the rest of the paper; see appendix E) and there are w = 3 winner-preferring constraints, each will be
promoted by ¢/w = 1/6.

(12) a. Increase the ranking value of each of the w winner-preferring constraints by c¢/w;

b. decrease the ranking value of each undominated loser-preferring constraint by 1.

The demotion component (12b) of the re-ranking rule demotes by a fixed amount (say, 1) those loser-
preferring constraints that really need to be demoted, namely those that are not currently ranked under-
neath a winner-preferring constraint and are therefore called undominated (Tesar and Smolensky 1998).
The algorithm (7) with the update condition (9) at step (7b) and the re-ranking rule (12) at step (7c)
is called a (calibrated and gradual) OT error-driven ranking algorithm. Note that both the HG reweigh-
ing rules (10)/(11) and the OT re-ranking rule (12) do not depend on the actual number of constraint
violations but only on the constraint violation differences.

3.5. Stochastic implementation

At step (7b), the deterministic error-driven learner checks the update condition (8) or (9) for HG and
OT, respectively. The only innovation of the stochastic implementation sketched in (2) is that the update
condition is checked not for the current weights or ranking values 61,65, ... but for their stochastic coun-
terpart 61 +€1,02 +€a, ..., where €1, €2, ... are sampled independently from each other. The algorithm (7)
with this stochastic update condition at step (7b) is called the OT/HG stochastic error-driven learner'’
(Boersma 1997, 1998; Boersma and Hayes 2001; Coetzee and Pater 2008, 2011; Coetzee and Kawahara
2013; Jarosz 2013; Boersma and Pater to appear). The stochastic values ¢ are usually sampled according
to a gaussian distribution with zero mean and small variance. Since the tails of the gaussian distribu-
tion decrease exponentially fast, these stochastic values are bounded with high probability between some

9 Boersma and Pater (to appear) call it HG-GLA instead. I prefer to keep the acronym “GLA” for a specific implementation
of OT error-driven learning.

10The HG stochastic learner is called Noisy HG-GLA in Boersma and Pater (to appear). As explained in footnote 9, I
prefer to reserve the acronym “GLA” to OT. Furthermore, I prefer “stochastic” over “noisy”, in order to avoid any confusion
between the stochastic implementation considered here and the noisy learning setting considered in subsection 2.3.
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thresholds —A and +A. From an analytical perspective, it is nonetheless convenient to assume they are
deterministically bounded, namely sampled according to a distribution concentrated between —A and +A.
The analyses carry over with high probability to the gaussian distribution (Magri and Storme forth.).!!

4. CONVERGENCE AND EFFICIENCY

This section discusses some counterexamples where the number of errors made by the HG learner grows
fast (exponentially) with the number of constraints, showing that efficiency does not hold constraint-
independently, contrary to the case of the OT learner.

4.1. A counterexample for the truncated Perceptron

Prince and Smolensky (2004, section 10.2.2) put forward a simple counterexample against HG error-
driven learning.'?> The counterexample is described in (13a) for an arbitrary number n of constraints and
illustrated in (13b) for the case with n = 5 constraints.

(13) a. Ci C2 ... Cgp Cri1 ... Cpn_1 Chp b. Ci C2 O3 Cy Cs

(zye) [ 1 —2 ] (zyer) | 1 =2

(z,y22) 1 -2 (,y,22) 1 -2
(z,y,23) 1 -2
z,y, 1 -2

(z,y,2%) 1 -2 (@y.27)

(z,y,27=2) 1 -2

(z,y27=1) [ 1 -2

Let me unpack the notation. The n constraints Cy,Cs,...,C,, are listed at the top of the matrix. The
learner is trained on n — 1 underlying/winner/loser form triplets (z,y,%;) corresponding to a single un-
derlying form z, the winner candidate y, and n — 1 loser candidates zr, 2z, ...,2z=r- Since the update
conditions and update rules described in section 3 only depend on the constraint violation differences, the
counterexample is described by providing these violation differences for each constraint and each triplet
(null violation differences are represented with empty entries for readability). Thus, the diagonal of entries
equal to 1 in (13) say that constraint C}, assigns one more violation to the loser #; than to the winner y.
The diagonal of entries equal to —2 say that constraint C11 assigns two more violations to the winner y
than to the loser ;. All other violation differences are null.

For concreteness, focus on the case with n = 5 constraints in (13b). The bottom row of the matrix
requires the weight of constraint C; to be more than twice larger than the weight of constraint C5. The
penultimate row requires the weight of constraint C'5 to be more than twice larger than the weight of
constraint Cy and thus more than 22 = 4 times larger than the weight of constraint C5. And so on until
the top row, which requires the weight of constraint C; to be more than 2* = 16 times larger than the
weight of constraint Cs. In other words, the weight of constraint C; starts null and has to climb to a final
value 2"~ ! which grows exponentially in the number n of constraints. Yet, the weights are incremented
only by 1 with each update, since the positive violation differences in (13) are all equal to 1. We thus
expect that a number of updates exponential in n is needed in order to converge to a final weight vector
which assigns a sufficiently large weight to constraint Cj.

This prediction is borne out in the case of the HG error-driven learner with the truncated Perceptron
reweighing rule (11). Indeed, I have run this learner for ten times on the counterexamples (13) correspond-
ing to a number n of constraints between n = 5 and n = 10; see table 1 in appendix E for simulation
results. The solid line in (14a) plots the largest number of errors (vertical axis) made by the HG learner
over the ten runs as a function of the number n of constraints (horizontal axis).!> Comparison with the
function 162 x 4" ~° plotted by the dashed line shows that the number of errors grows fast (exponentially)
with the number n of constraints.'* Indeed, the number of errors grows so fast that the learner makes
more than 180,000 errors in the case with just ten constraints. The solid line in (14b) plots the final weight

11 This constant A corresponds to the radius of the dashed circles in (2) and will therefore be referred to as the size of
the stochastic component. The larger A, the larger the size of €1, ¢€a, ..., the larger the difference between the actual values
01,02, ... and their stochastic counterparts 61 + €1,02 + €2, .. ..

2Thanks to Paul Boersma (p.c.) for pointing this out to me.

13Here and throughout, I plot the largest number of errors over ten runs (rather than, say, the mean or the smallest
number of errors) because the perspective adopted in this paper is that of bounds on the worst-case number of errors. In
any case, the plot of the smallest number of errors would be almost indistinguishable; see subsection 4.8 for discussion.

14The number of errors is even larger when the negative entries are smaller than —2; see table 2 in appendix E for
simulation results when they are all equal to —3. Prince and Smolensky actually seem to assume that the size of the negative



of constraint C; (which is constant across the ten runs) as a function of the number n of constraints.
Comparison with the function 15 x 2"~5 plotted by the dashed line shows that this final weight grows fast
(exponentially) with the number n of constraints, as predicted by Prince and Smolensky’s reasoning.
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The counterexample (13) thus shows that no constraint-independent guarantees are possible for the effi-
ciency of the HG error-driven learner with the truncated Perceptron reweighing rule. Any such guarantees
will have to be restricted through specific assumptions on the constraint set.

Yet, this counterexample does not defeat the HG learner with the original Perceptron reweighing rule
(10). Indeed, that learner converges after only n — 1 updates (thus, nine updates suffice in the case with
n = 10 constraints); see table 3 in appendix E for simulation results. The final weights do not depend
on the number n of constraints and are small: the final weight of constraint C; is always equal to 1, the
final weight of constraint C,, is always equal to —2, and the other final weights are all equal to —1. By
resorting to negative weights, the original Perceptron thus defies Prince and Smolensky’s challenge. How
should we interpret this drastically different behavior of the original and the truncated Perceptron on the
counterexample (13)? Does it show that the two learners have substantially different properties and that
HG’s assumption of nonnegative weights is particularly vexing from a learnability perspective? Or is it
possible to twist the counterexample to extend it to the original Perceptron reweighing rule, thus showing
that the two implementations are on a par? The latter turns out to be the case.

4.2. A counterexample for both the original and the truncated Perceptron

Consider the counterexample described in (15a) for an arbitrary number n of constraints and illustrated
in (15b) for the case with n = 5 constraints. There are two differences with the counterexample considered
in the preceding subsection (see subsections 4.6-4.7 for discussion). The first difference is that each negative
entry is followed by two positive entries both equal to 1, but for the penultimate row (where we can fit only
one positive entry after the negative entry) and the last row (where we can fit none). Thus, all rows have
three positive entires, apart from the penultimate row (which has only two positive entries) and the last
row (which has only one). The second difference is that the size of the negative entries is readjusted, so
that it is equal to the number of positive entries per row. Thus, the negative entry of each row is equal to
—3 apart from the penultimate row (whose negative entry is equal to —2) and the last row (whose negative
entry is equal to —1).

(15) a. Ci C2 C3 C4 Cs ... Ck Cgy1 Crq2 Cpys ... Cnoz Cpo2 Cp1 Cp b. ¢ ¢ ¢ ¢ Cs
1 -3 1 1 T 1 -3 1 1
1 311 1 -3 1 1
1 -2 1
1 -3 1 1 -l
1 -3 1 1
1 -2 1
L 1 _1_

The solid lines in (16a) plot the largest number of errors made by the HG error-driven learner with the
two reweighing rules (10) and (11) over ten runs on this counterexample (15) corresponding to a number

entries grows with the number n of constraints (they consider the case with n = 10 constraints and assume negative entries
equal to —10). But unbounded constraint differences are not necessary, as shown by the simulation results reported here.
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n of constraints between n = 5 and n = 10; see tables 4 and 5 in appendix E for simulation results.
Comparison with the function 550 x 6"~° plotted by the dashed line shows that the number of errors
grows fast (exponentially) with the number n of constraints for both reweighing rules. Indeed, the HG
learner with the original (truncated) reweighing rule makes over five million (six million) errors in the case
with just ten constraints! The solid line in (16b) plots the final weight of constraint Cy in the longest
of the ten runs as a function of the number n of constraints. Comparison with the function 19 x 2.577?
plotted by the dashed line shows that this final weight again grows fast (exponentially) with the number
n of constraints.
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I conclude that the counterexample (15) shows that no constraint-independent efficiency guarantees are
possible in the case of the HG error-driven learner, independently of the issue of non-negative weights
and thus of the choice between the original and the truncated Perceptron reweighing rule. Any efficiency
guarantees will have to be restricted through specific assumptions on the constraint set. The rest of this
section discusses the counterexample (15).

4.3. Discussion/I: the margin

The HG error-driven learner with the Perceptron reweighing rule (10) converges (Boersma and Pater to
appear, building on guarantees for the Perceptron algorithm: Block 1962; Novikoff 1962; Rosenblatt 1958,
1962; Minsky and Papert 1969; Cristianini and Shawe-Taylor 2000, Theorem 2.3; Cesa-Bianchi and Lugosi
2006, ch. 12; Mohri et al. 2012, ch. 7). Whenever trained on data consistent with some HG grammar and
with bounded violation differences, this HG learner can only make a finite number of errors, which can be
bounded as in (17), in terms of the number of constraints and a quantity that captures a property of the
training data, namely their margin (of separability).'

(17) b ¢ number of constraints
number of errors

QA

(margin of the training data)2

The precise definition of the margin (of separability) which appears in the denominator of the error-
bound is somewhat involved and therefore relegated to appendix A. The following intuitive illustration
suffices for the rest of the paper. The error-bound holds under the assumption that the training data are
consistent with some HG grammar. Yet, consistent training data can differ in their degree of consistency.
The data have a high degree of consistency if they are consistent with a certain HG grammar and remain
consistent when the corresponding weight vector is tampered with. The data have instead a small degree
of consistency if even a slight modification of any consistent weight vector affects consistency. The margin
which appears in the denominator of (17) can be interpreted as the degree of consistency of the training
data. Intuitively, training data with a large degree of consistency should require less updates: it should
be easier to shoot at a consistent weight vector. While training data with a small degree of consistency
should require more updates: a careful aim is required to shoot precisely at a consistent weight vector.
The error-bound (17) formalizes this intuition: training data with a high (low) degree of consistency have
a large (small) margin, yielding a small (large) error-bound (17) which provides guarantees for a better
(worse) performance of the HG learner.

As the number of constraints grows, the constraint interactions can become more subtle and delicate,
the slackness in the choice of the weights thus decreases, shrinking the degree of consistency of the data,

1576 keep the presentation lean, I only provide approximate expressions of the error-bounds, ignoring most of the numerical
constants. For this reason, I use “$” rather than “<”. For the exact expression of the OT error-bounds recalled in this
paper, see Magri (2015c¢); for an accessible presentation of the exact expression of the HG error-bounds, see Magri (2015a).
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namely their margin. If the margin in the denominator of (17) shrinks fast (exponentially) with the number
of constraints, it trumps the slow (linear) growth of the numerator. The overall error-bound thus grows
fast (exponentially) and provides no guarantees on the efficiency of the HG learner. This is precisely
what happens in the case of the counterexample (15) — analogous considerations hold for the original
counterexample (13). The inverse of the squared margin is plotted by the triangles in (18), as computed
in appendix B. Comparison with the function 400 x 6™~ plotted by the dashed line shows that it grows
fast (exponentially) with the number n of constraints.
(18) -106

6 = T T n
—a— training data

—a— training plus dummy data

squared inverse margin

number n of constraints

In conclusion, the error-bound (17) settles question (6a) concerning constraint-independent convergence
of the HG Perceptron learner. But because of its dependence on the margin, that bound does not set-
tle question (6b) concerning constraint-independent efficiency. That question is answered negatively by
counterexamples such as the one in subsection 4.2, which shows that constraint-independent efficiency
guarantees are impossible.

These considerations extend from the original to the truncated Perceptron reweighing rule (11). To
illustrate the intuition, suppose that at a certain iteration the original Perceptron demotes the weight of
some constraint Cj from 0 to the forbidden negative value —1. The truncated Perceptron is unable to
mimic that demotion and will thus leave the weight of Cj at 0. Yet, the learning dynamics of the two
algorithms can be realigned by assuming that, immediately after that offending demotion, the original
Perceptron is fed with a piece of dummy data whose constraint violation differences are all null apart from
the one corresponding to C} which is instead equal to +1. Since the current weight of C} is negative,
the original Perceptron will perform an update in response to this piece of dummy data. This update
promotes back the weight of C} to the value 0 where the truncated Perceptron had left it. A formalization
of this reasoning (Magri 2015a) shows that the error-bound (17) for the original Perceptron extends to the
truncated variant, only with the margin of the training data replaced by the margin of the training plus
dummy data, as in (19).

number of constraints

(19) number of errors I 5
(margin of the training plus dummy data)

The inverse of the squared margin of the training plus dummy data in the case of the counterexample (15)
is plotted by the squares in (18). Again, it grows fast (exponentially) in the number of constraints, so
that the error-bound (19) for the truncated Perceptron HG learner only guarantees constraint-independent
convergence, not efficiency.

Extending the training data with additional data can only decrease the degree of consistency, namely
the margin. Thus, the margin of the training data extended with the dummy data which appears in the
error-bound (19) for the truncated Perceptron should be equal to or smaller than the margin of just the
original data which appears in the error-bound (17) for the original Perceptron. The gap between the two
solid lines in (18) quantifies the difference between the two margins in this case. Thus, the error-bound
(19) for the truncated Perceptron is worse than (namely, at least as large as) the error-bound (17) for
the original Perceptron. Indeed, the truncated Perceptron performs more errors in the simulations plotted
in (16a). The difference between the two margins quantifies the price that needs to be paid for HG’s
assumption of non-negative weights.

4.4. Discussion/II: comparison with OT

The solid line in (20) plots the largest number of errors made by the OT learner over ten runs on the
counterexample (15) corresponding to a number n of constraints between n = 5 and n = 10; see appendix
E for simulation details and in particular table 6 for simulation results. Comparison with the function n?
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plotted by the dashed line'® shows that the number of errors grows slowly (sub-quadratically) with the
number n of constraints, so that the learner makes less than fifty errors in the case with ten constraints.!”

(20)

100 - P
80| :
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number of errors

20 -
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These simulation results are not surprising. In fact, suppose that the OT learner does not promote “too
much”, namely it adopts a promotion component (12a) corresponding to a calibration constant ¢ which
is not “too large”, namely strictly smaller than 1. Whenever trained on data consistent with some OT
grammars, this OT learner converges and the number of errors is bounded by (21), in terms of the number
of constraints and the calibration constant ¢ used in the definition of the promotion amount (Tesar and
Smolensky 1998; Boersma 1997, pp. 323-327; Boersma 2009; Magri 2012b,a).

(number of constraints)?
1-c

(21) number of errors I

This error-bound (21) depends on the number of constraints only through its numerator. Thus, it grows
slowly (quadratically) in the number of constraints. Furthermore, this error-bound requires no assumptions
on the constraints. In conclusion, this error bound provides a positive answer to questions (6a) and (6b)
concerning constraint-independent efficient convergence of the deterministic OT error-driven learner.

4.5. Discussion/III: the OT and HG typologies coincide

The typology of grammars'® predicted by HG can be larger than the one predicted by OT, because
only HG allows gang-up effects. Could the slowness of the HG learner on the counterexample (15) relative
to the OT learner be due to the fact that the former is exploring a larger typology of grammars? The
answer is negative: the counterexample has been constructed in such a way that the HG and OT typologies
exactly coincide. To illustrate, consider the case with n = 5 constraints in (15b). This matrix of constraint
violation differences corresponds, for instance, to the constraint violation profiles in (22). To illustrate, the
topmost and leftmost entry in the matrix (15b) is 1 because tableau (22) says that constraint C; assigns
one violation to the loser #r and none to the winner y

(22) (putcz [[Ci] G [ G [ G ]G |

a. Y wkk | kkk | kK *
b. 21 * Kkokk | kkk | %
c. Z9 KKK kx| Kok
d. 23 Kok | kokokok *k
e. 24 skk | kkk | kkx

The OT and HG typologies of grammars (computed with 0T-Help; Staubs et al. 2010) corresponding to the
constraint set described in (22) coincide: they both consist of five grammars, one for each mapping of the

16The function n? has been chosen here because the exact version of the OT error bound (21) is ﬁn(n — 1) (Magri

2012a), which boils down to n(n — 1) ~ n? when ¢ = 1/2, as in the simulations reported here.

17In the case of the HG learner (with either reweighing rule), the largest final weight (namely the weight of constraint
C1) grows fast (exponentially) with the number of constraints, as plotted in (16b). In the case of the OT learner instead,
the largest final ranking value (again, the one of constraint C7) remains constant (always equal to 0.17), as shown by table
6 in appendix E.

18 A5 it has become standard practice in computational phonology (Heinz 2011), I am using the term grammar to denote
a mapping from underlying to surface representations. A grammar is thus independent of the choice of the grammatical
framework (e.g., the choice between OT and HG). In this sense, OT rankings and HG weights are not grammars, but
framework-specific parameterizations of the typology of grammars.
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underlying form to one of the five candidates. This conclusion extends from the case with n = 5 constraints
to the case with an arbitrary number n of constraints: the constraint violation differences described in
(15a) correspond to a set of n constraints whose corresponding OT and HG typologies coincide. The
inefficiency of the HG learner on the counterexample thus cannot be due to the fact that it is exploring a
larger typology. In other words, the counterexample shows that, even in those cases where the typologies
predicted by OT and HG turn out to be identical (as recently argued to be often the case in Pater 2009),
the OT parameterization of the typology outperforms the HG one from the perspective of error-driven
learning.

4.6. Discussion/IV: the two crucial properties of the counterexample

The counterexample (15) has two properties which are both crucial in order to slow down the HG
learner. The first property is that the size of each negative entry is equal to the number of positive entries
in the corresponding row (for instance, the negative entry of the penultimate row is equal to —2 because
that row has two positive entries). The second property is that each negative entry is followed by two
positive entries equal to 1 (but for the last two rows, where there is not enough space to fit in these two
extra positive entries). To see that the first property is indeed crucial, consider, say, the variant (23) where
the negative entries are equal to —3 throughout, rather than being equal to —2 and —1 in the bottom
two rows. There is no slow down in this case: with n = 10 constraints, the HG Perceptron learner makes
only 206 errors, contrary to the five million errors made on the original counterexample (15); see table 7
in appendix E for simulation results.

(23) a. C1 C2 C3 C4Cs5 ... Ck Cry1 Cry2 Cryz ... Cp3 Cp2 Cp1 Cy b. Ci1 C2 C3 Cy Cs
1 -3 1 1 T 1 -31 1
1 311 1 31 1
1 -3 1
1 -3 1 1 L -3
1 -3 1 1
1 -3 1
L 1 —3_

To see that the second property of the counterexample (15) is crucial as well, consider the variant (24)
where each negative entry is followed by just one positive entry. Again, there is no slow down in this
case: with n = 10 constraints, the Perceptron HG error-driven learner makes only 133 errors, again way
less than the five million errors made on the original counterexample (15); see table 8 in appendix E for
simulation results.

(24) a. ¢y Co O3 C4Cs ... Ok Cuyi Chiz Crss v Cnes Cus Cp_y Cn b. ¢ ¢ ¢ ¢y G Cs

(1 -3 1 0 i 1-31 0

1 -310 1 =31 0
1 -31 0
' 1 -21
1 -3 -1 —
1 -3 1
1 -2 1
L 1 _1_

Why are these two properties crucial in order to defeat the HG learner? The next subsection provides
some intuition.

4.7. Discussion/V: explaining the two crucial properties of the counterexample

As just noted, one crucial property of the counterexample (15) is that the size of the negative entries
is always equal to the number of positive entries in the corresponding row. This property ensures that
gang-up effects are impossible in the case of the counterexample, as explained in appendix C (this is
a special case of an argument from Magri 2013b, section 4). The OT and HG update conditions thus
collapse: whenever the OT learner would update the current vector 8, the HG learner would update it as
well. Furthermore, suppose that the OT learner uses a promotion amount of the form (12a) corresponding
to the choice ¢ = 1 of the calibration constant c. Because of this special choice ¢ = 1 of the calibration
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constant, it turns out that any update made by the OT learner coincides with the update made by the HG
learner with the original Perceptron reweighing rule, as explained in appendix C.'* We have thus obtained
the following conclusion: since the size of the negative entries in the counterexample (15) is always equal
to the number of positive entries, the HG learner with the original Perceptron reweighing rule mimics the
OT learner with the calibration constant ¢ set equal to ¢ = 1. In the sense that, whenever the OT learner
trained on the counterexample makes an update, the HG learner trained on the same sequence of data
makes an update as well and furthermore the OT and HG updates exactly coincide. In order for this
conclusion to hold, the size of the negative entries needs to be exactly equal to the number of positive
entries. For instance, the HG learner does not mimic the OT learner on the variant in (23), where the size
of the negative entries in the last two rows is different from the number of positive entries (see appendix
C for a counterexample).

Since the HG learner trained on the counterexample (15) mimics the OT learner with the choice ¢ =1
for the calibration constant ¢, we are prompted to look into the behavior of this specific OT learner.
Magri (2012b, section 7.5) reported that the number of errors made by this specific OT learner on the
counterexample (15) grows fast (exponentially) in the number of constraints. This fact is not surprising.
Since Tesar and Smolensky (1998, section 2.4), there has been a consensus in the OT learnability literature
that constraint demotion works fine while constraint promotion is dangerous in OT. The promotion amount
(or, equivalently, the calibration constant ¢ used to define it) should thus be either null or at least small.
It turns out that it is sufficient and necessary for the calibration constant ¢ to be strictly smaller than 1 in
order for efficient convergence to hold, as guaranteed by the error bound (21). Indeed, even a calibration
constant ¢ equal to ¢ = 1 (the smallest forbidden value) might cause the OT learner to make too many
errors, as shown by this counterexample (15).

The failure of the OT learner with the calibration constant ¢ set equal to the forbidden value ¢ = 1
on the counterexample (15) is due to the second property of the counterexample singled out in subsection
4.6, namely the fact that each negative entry is followed by two positive entries (but for the last two
rows). In fact, the OT learner converges quickly on the case (24) with less additional positive entries,
even with the calibration constant ¢ set equal to the forbidden value ¢ = 1 (see Magri 2013b, section
4.8, corollary 2). It is not hard to grasp the intuitive reason why the OT learner is defeated by the two
additional positive entries at the right of each negative entry. In fact, each of these additional positive
entries makes the corresponding constraint winner-preferring. Yet, these additional winner-preferring
constraints contribute nothing to consistency: the counterexample (15) is only consistent with the ranking
Cy > Cy > ...> Cp, just as the variant (24) with less winner-preferring constraints. These additional
winner-preferring constraints are thus only a distraction for an OT learner which is too sensitive to them
because it performs too much constraint promotion, namely adopts too large a calibration constant ¢ = 1.
The two layers of additional useless winner-preferring constraints of the counterexample (15) suffice to
distract the OT learner enough to compromise its efficiency.

Let me take stock. The counterexample (15) has two crucial properties, concerning the size of the
negative entries (which is equal to the number of positive entries) and the distribution of the positive
entries (there are two after each negative entry). The former property of the counterexample ensures that
the Perceptron HG learner mimics the OT learner with a calibration constant ¢ which is too large because
equal to the forbidden value ¢ = 1. The latter property of the counterexample ensures enough useless
winner-preferring constraints to defeat an OT learner which is too sensitive to them because it sets the
calibration constant equal to the forbidden value ¢ = 1 and thus promotes too much. In conclusion, the HG
learner performs too many updates on the counterexample (15) because it performs an update whenever the
OT learner performs an update; and the latter performs too many updates because it promotes too much.
In other words, HG error-driven learning is as bad an idea from a constraint-independent perspective as OT
error-driven learning with a large promotion component, in defiance of Tesar and Smolensky’s warning.2°

19This claim is actually only true for a slight variant of the Perceptron reweighing rule (10), whereby the constraint
differences are rescaled by a (nonnegative) constant called a step size (or plasticity) before being used to additively update
the current weights. The step sizes change nothing in the behavior and the analysis of the HG learner.

20An anonymous reviewer raises the following question: if the problem with the HG learner on the counterexample (15) is
that it is equivalent to an OT learner which promotes too much, couldn’t the problem with the HG learner be solved simply
by promoting less, exactly as prescribed by the careful calibration (12a) of the promotion amount in the case of the OT
learner? The problem with this proposal is that it implies abandoning the general convergence theory recalled in subsection
4.3. To the best of my knowledge, no such simple fix has been shown to be viable in the extensive literature on the Perceptron
algorithm.
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4.8. Discussion/VI: the HG learner is slow even on the most favorable training sequence

The solid lines in (16) plot the largest number of errors made by the HG learner over ten runs on the
counterexample (15). These simulation results leave open the possibility that there exist some particularly
favorable sequences of training data where the learner manages to converge after a smaller number of
errors. Such a scenario would leave open the possibility of constraint-independent efficiency guarantees,
through proper restrictive assumptions on the training sequences. Yet, this possibility can be ruled out
as well. In fact, appendix D shows how to compute analytically a lower bound on the best-case number
of errors made by the HG Perceptron learner:?! it guarantees that the number of errors needed to reach
convergence can never be smaller than a certain quantity, not even on the most favorable training sequence.
This lower-bound on the best-case number of errors is plotted by the solid line in (25) as a function of the

number n of constraints between n = 5 and n = 10.

(25) ~10‘6

best-case number of errors

number n of constraints

Comparison with the function 400 x 6.3 plotted by the dashed line shows that also the best-case
number of errors on the counterexample grows fast (exponentially) with the number n of constraints.
Furthermore, comparison with the actual number of errors plotted in (16) shows that the very large
number of actual errors in the simulations is very close to the best-case number of errors and thus cannot
be due to particularly unfavorable learning sequences.

4.9. Discussion/VII: the Perceptron in Machine Learning and Computational Linguistics

How do the counterexamples presented in this section square with the good performance of the Percep-
tron reported in the machine learning and computational linguistics literature? For instance, to advocate
the use of the Perceptron in HG, Boersma and Pater (to appear) mention its successful application in
computational linguistics (Collins 2002). Furthermore, Mohri et al. (2012, p. 168) state that “the kernel
Perceptron algorithm [...] is commonly used [...] in a variety of applications” in machine learning. In-
deed, Pater (2009, p. 1021) advocates the HG implementation of constraint-based phonology in particular
because it can rely on this computational linguistics and machine learning literature: “one broad argument
for weighted constraints [...] is that weighted constraints are compatible with existing well-understood
algorithms for learning variable outcomes and for learning gradually.”

No contradiction subsists between the counterexamples presented in this section and the results reported
in the machine learning and computational linguistics literature on the Perceptron. In fact, the latter
literature has looked at a variant of the Perceptron called the kernel (dual) Perceptron. This is indeed
the variant of the Perceptron mentioned in the preceding quote from Mohri et al. (2012) and tested in
Collins (2002). This variant outperforms the (primal) Perceptron considered here at the expense of a much
richer representation of the learning history. In fact, the primal Perceptron maintains an impoverished
summary of its past learning history: it does not keep track of the previous updates nor of the training
data that triggered those updates. The kernel dual Perceptron instead stores the (finite) set of training
data and maintains a counter (called a dual variable) of the number of updates triggered by each piece
of data up to the current iteration. Because of this richer representation of the learning history, the dual
Perceptron does not fit into the error-driven learning scheme investigated in this paper (see footnote 2).
The conclusions reached in the machine learning and computational linguistics literature concerning the
kernel dual Perceptron are therefore irrelevant to the topic of this paper, namely the development of proper
error-driven learners.

21The technique used in appendix D does not extend straightforwardly to the truncated variant.



16 GIORGIO MAGRI

4.10. Summary

This section has compared the OT and HG implementations of error-driven learning from the perspective
of constraint-independent efficiency: how fast does the worst-case number of errors grow with the number of
constraints? The error-bound for the OT implementation grows slowly with the number of constraints and
thus provides constraint-independent efficiency guarantees. The error-bound for the HG implementation
instead depends on the margin and can therefore grow fast with the number of constraints. It is indeed
possible to construct cases where the HG and OT typologies coincide and yet the HG learner makes over
five million errors with just ten constraints, which compares poorly with the less than fifty errors made by
the OT learner. These simulation results show that no constraint-independent efficiency guarantees are
possible for the HG learner.

5. STOCHASTIC TOLERANCE

This section discusses some counterexamples where the number of additional errors made by the HG
learner because of the stochastic component grows fast (exponentially) with the number of constraints,
showing that the learner does not tolerate the stochastic implementation constraint-independently, contrary
to the case of the OT learner.

5.1. Counterexample

Consider again the counterexample (15) constructed in subsection 4.2. For each choice of the number n
of constraints between n = 5 and n = 10, I have run the deterministic and stochastic HG learner ten times,
with both the original and the truncated Perceptron reweighing rule; see appendix E for simulation details
and in particular tables 4 and 5 for simulation results. The two solid lines in (26a) plot the difference
between the largest number of errors made by the stochastic learner with the two reweighing rules over the
ten runs minus the number of errors made by the deterministic learner on that same training sequence.
In other words, they plot the additional number of errors due to the stochastic component. Comparison
with the function 166 x 6™~ plotted by the dashed line shows that the number of additional errors grows
fast (exponentially) with the number n of constraints. Indeed, in the case with just ten constraints, the
stochastic learner performs almost one million and a half additional errors compared with the deterministic
learner, which in turn was already performing over five million errors! For completeness, the solid lines in
(26b) plot the difference between the final weight of constraint C; entertained by the stochastic learner
with the two reweighing rules at the end of the longest run minus the final weight of C; entertained by
the deterministic learner at the end of that same run. In other words, they plot the increase in the final
weight of constraint C; due to the stochastic component. Comparison with the function 8 x 2.3"~® plotted
by the dashed line shows that the increase grows fast (exponentially) with the number n of constraints.

(26) a. 10° b.

1.5 |—— original Perceptron . I

600 | |—— original Perceptron i
—a— truncated Perceptron

—a— truncated Perceptron

400 |-

200 -

number of additional errors

increase in the final weight of C4

number n of constraints number n of constraints

In conclusion, this counterexample shows that it is not possible to develop constraint-independent guaran-
tees that the HG error-driven learner (with either reweighing rule) tolerates the stochastic implementation,
namely that the number of additional errors due to the stochastic component remains small. Any such
guarantees will crucially have to be restricted by specific assumptions on the constraint set.

5.2. Discussion/I: the margin, again

The HG error-driven learner with the stochastic update condition and the original Perceptron reweighing
rule (10) converges (Boersma and Pater to appear). Whenever trained on data consistent with some
(deterministic) HG grammar and with bounded constraint differences, it can only make a finite number
of errors, which can be bounded as in (27), in terms of the number of constraints and the margin of the
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training data.?? The same error-bound holds for the truncated Perceptron reweighing rule (11), only with
the margin of the training plus the dummy data (rather than the margin of only the training data) at the
denominator (Magri 2015a).

number of constraints n A x number of constraints

(27) number of errors I 5 5
(margin of the training data) (margin of the training data)

(2) (b)

This error-bound (27) is the sum of two terms. The first term (27a) coincides with the error-bound (17) for
the deterministic HG learner. The second term (27b) thus quantifies the additional number of errors due
to the stochastic implementation. This latter term consists of the number of constraints (scaled by the size
A of the stochastic component) divided by the squared margin. This term (27b) is large (namely, provides
a weak bound) when the margin is small. This makes intuitive sense, given that the margin represents
the degree of consistency of the data: a small margin means that there is little slackness in the choice
of consistent weights so that the perturbation of the current weights due to the stochastic component
can hold sway. The margin of the counterexample (15) decreases fast (exponentially) with the number of
constraints, so that its squared inverse grows fast, as plotted in (18). The bound (27b) on the number
of additional errors thus grows fast and does not settle question (6¢) concerning constraint-independent
stochastic tolerance. That question is answered negatively by the counterexample described in subsection
5.1, which shows that constraint-independent guarantees of stochastic tolerance are impossible in HG.

5.3. Discussion/II: comparison with OT

The solid line in (28) plots the difference between the largest number of errors made by the stochastic
OT learner over ten runs on the counterexample (15) minus the number of errors made in that same run by
the deterministic learner; see table 6 in appendix E for simulation results. Comparison with the function
5 x n? plotted by the dashed line?® shows that the number of additional errors due to the stochastic
component grows slowly with the number of constraints, so that the learner makes less than 200 additional
errors in the case with ten constraints.?*
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These simulation results are not surprising. In fact, assume that the stochastic OT learner does not promote
“too much”, namely adopts a promotion component (12a) corresponding to a calibration constant ¢ which
is not “too large”, namely strictly smaller than 1. Whenever trained on data consistent with an OT
grammar, the number of errors is bounded by (29), which depends on the number of constraints and on
the calibration constant ¢ (Magri 2015c).%5

22Gee footnote 25 for discussion of the dependence of the bound (27) on the constant A, which was interpreted in footnote
11 as the size of the stochastic component.

23The function 5 x n2 has been chosen here because the exact version of the OT error bound (29) is 21("1'3%) n(n—1) (Magri

2015c¢), which boils down to 5n(n — 1) ~ 5n? when ¢ = 1/2 and A = 2, as in the simulations reported here.

24In the case of the HG learner (with either reweighing rule), the difference between the final weights of constraint C
entertained at the end of the stochastic and deterministic runs grows exponentially with the number of constraints, as plotted
in (26b). In the case of the OT learner instead, the final ranking values of C in the deterministic and stochastic runs are
essentially the same, independently of the number of constraints: the difference is at most 0.5 for 5 constraints and at most
0.7 for 10 constraints, as shown in table 6 of appendix E.

25 As anticipated in footnote 5, the number of additional errors due to the stochastic implementation is expected to grow
not only with the number of constraints but also with the “size” of the stochastic component. As anticipated in footnote
11, the size of the stochastic component is the constant A, as the stochastic values €1, €2, ... added to the current weights
or ranking values are sampled between —A and +A. Indeed, the larger A, the larger the effect of the stochastic component
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(number of constraints)2 N A x (number of constraints)2
1-c¢ 1-c
(a) (b)

This error-bound (29) is the sum of two terms. The first term (29a) coincides with the error-bound (21) for
the deterministic implementation. The second term (29b) thus expresses the number of additional errors
due to the stochastic implementation. This additional term (29b) grows slowly (quadratically) with the
number of constraints. Furthermore, the bound requires no assumptions on the constraints. It thus settles
question (6¢) concerning constraint-independent guarantees that the OT learner tolerates the stochastic
component.

(29) number of errors I

5.4. Summary

Section 4 has compared the OT and HG deterministic implementations of error-driven learning. This
section has extended the comparison to the stochastic implementations. It has focused on the number of
additional errors made by the learner because of the stochastic component. The error-bound for the OT
stochastic learner provides constraint-independent guarantees that it tolerates the stochastic component.
The constraint-independent bound currently available for the HG stochastic learner instead does not
guarantee stochastic tolerance, because of its dependence on the margin of the data. Indeed, the HG learner
does not tolerate the stochastic implementation constraint-independently: with just ten constraints, the
stochastic HG learner can make almost one million and a half additional errors.

6. NOISE ROBUSTNESS

This section discusses some counterexamples where the number of additional errors made by the HG
learner in response to a small faulty update triggered by a single noisy piece of data grows fast (ex-
ponentially) with the number of constraints, showing that noise-robustness does not hold constraint-
independently, contrary to the case of the OT learner.

6.1. Counterexample

Faulty updates triggered by corrupted data disrupt the current weights or ranking values and thus
require additional updates by pristine data to recover. The learner is robust to noise provided the number
of updates it takes to recover is small. To estimate noise robustness, we need to inflict the largest damage
with each single corrupted piece of data. For concreteness, let me focus on the HG learner with the
truncated reweighing rule (the reasoning extends straightforwardly to the original Perceptron reweighing
rule). Consider again the counterexample (15) used in the two preceding sections 4 and 5. Table (30)
reports the final weights learned at the end of a run on the counterexample corresponding to a number n
of constraints between n = 5 and n = 10.

(30) 0, 0 05 0y 05 05 0; 05 0y 05

n=2>5 26 9 3 1 0
n=6 71 26 9 3 1

0
n=7 175 65 24 9 3 1 0
n=8 424 168 65 24 9 3 1 O
n=9 1026 417 164 64 24 9 3 1 O
n=10 2510 1029 416 166 64 24 9 3 1 0

In section 4, we have focused on constraint C; and the fact that its final weight grows exponentially with
the number of constraints. We now focus instead on the last two constraints C,,_; and C,. Table (30)
shows that their weights are always apart by just 1 at convergence. We can take advantage of this fact as
follows. Let’s train the learner on pristine data sampled from the counterexample (15) until it convergences
to the final weights (30). At that point, we feed the learner just one corrupted piece of data which looks as
n (31): the violation difference corresponding to constraint C is —1; the violation difference corresponding
to the penultimate constraint C),_; is +1; the violation difference corresponding to the last constraint C,
is +2; all other violation differences are null.

(31) C1 Cs Chr_2 Chn-1 Ch
[-1 0 — 0 41 +2]

on the current weights or ranking values. The bounds (27b) and (29b) say that the number of additional errors due to the
stochastic implementation grows slowly (linearly) with the size A of the stochastic component in both the HG and the OT
implementations.
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Since the violation difference corresponding to constraint C; is negative in (31) and the weight of C; is very
large in (30), this corrupted piece of data (31) is inconsistent with the weights (30), which are therefore
updated to the weights in (32), where I have boldfaced the updated weights. Because of careful choice of
the violation difference corresponding to the last two constraints C,,_1 and C),, they end up with the same
weight 2 in (32). Consistency with the pristine training data (15) instead requires the weight of Cj,_1
to be larger than the weight of C,. In order to recover the consistent weight configuration, the bottom
row of the counterexample (15) has to trigger an update. That update will promote C,,_; by 1, to the
weight 3. But constraints C,,_s and C,,_1 will then have exactly the same weight 3. Consistency with the
pristine training data (15) instead requires the weight of C,,_5 to be larger than the weight of C\,_1. As
this reasoning can be repeated backward for all the constraints, we expect a domino effect.

(32) 0, O, O3 60, 605 605 0: 03 B9 0
n=5 25 9 3 2 2

n=6 70 26 9 3 2 2

n=7 174 65 24 9 3 2 2

n=8 423 168 65 24 9 3 2 2

n=9 1025 417 164 64 24 9 3 2 2
n=10 2509 1029 416 166 64 24 9 3 2 2

Indeed, the solid line in (33) plots the largest number of errors made by the HG learner (with the truncated
Perceptron reweighing rule) over ten runs on the counterexample (15) starting from the weights (32); see
table 9 in appendix E for simulation results. Comparison with the function 40 x 4"~ plotted by the dashed
line shows that the number of updates needed to recover from just a single small faulty update grows fast
(exponentially) with the number n of constraints. So fast that the learner requires over 64,000 updates
in the case with just ten constraints, despite the weights (30) and (32) before and after the faulty update
being so similar.

(33) Sk

number of errors to recover

number n of constraints

In conclusion, this counterexample shows that constraint-independent guarantees of noise-robustness for
the HG error-driven learner are impossible, as a single faulty update can require a large number of updates
to recover. Any such guarantees will have to be restricted by specific assumptions on the constraints.

6.2. Discussion/I: the margin, once again

Suppose that the HG learner is trained on a (possibly infinite) sequence of pristine training data gen-
erated by some target HG grammar interspersed with a finite number of data corrupted by transmission
noise or production errors. No assumptions are made on the corrupted data, apart from there being only
a finite number of them. The number of errors made by the HG Perceptron learner in this noisy learning
setting is bounded by (34) (Freund and Schapire 1999, building on Klasner and Simon 1995; later develop-
ments such as Shalev-Shwartz and Singer 2005 and Mohri and Rostamizadeh 2013 do not alter the shape
of the bound). The precise definition of the quantity at the numerator of (34b) is somewhat involved and
therefore omitted (for an accessible description, see Magri 2015a). Suffice it to say that this quantity is
null when there are no corrupted training data and grows with the number of corrupted data. The error
bound extends to the truncated Perceptron reweighing rule (11), only with the margin of the pristine data
at the numerator replaced by the margin of the pristine plus the dummy data (Magri 2015a).



20 GIORGIO MAGRI

a certain quantity which
number of constraints n depends on the corrupted data

(34) number of errors I 5 3
(margin of the pristine data) (margin of the pristine data)

(a) (b)

This error-bound (34) is the sum of two terms. The first term (34a) coincides with the error-bound (17) for
the (deterministic) HG learner in the noise-free setting. The second term (34b) thus quantifies the number
of additional errors due to the corrupted data. This second term depends on the number (and the shape)
of the corrupted data through the numerator. It also depends on the margin of the pristine data through
the denominator. As discussed in subsection 4.3, the margin depends on the number of constraints. In
the case of the counterexample (15), its squared inverse grows fast (exponentially) with the number of
constraints, as plotted in (18). The bound (34b) on the number of additional errors due to the noisy
data thus grows fast and does not settle question (6d) concerning constraint-independent noise robustness.
That question is answered negatively by the counterexample described in subsection 6.1, which shows that
constraint-independent guarantees for noise robustness are impossible in HG.

6.3. Discussion/II: comparison with OT

In the case of ten constraints, nine updates suffice for the OT learner to recover from the faulty update
described in subsection 6.1. These simulation results are not surprising. In fact, consider an OT learner
which does not promote “too much”, namely which adopts a promotion component (12a) corresponding to
a calibration constant ¢ which is not “too large”, namely strictly smaller than 1. Suppose that the learner
is trained on a (possibly infinite) sequence of data consistent with a certain OT grammar, interspersed
with a finite number of corrupted data. The learner admits the error-bound (35), which depends on the
number of constraints, the calibration constant used in the definition of the promotion amount, and the
number of corrupted training data (Magri 2015¢).

(number of constraints)? " number of constraints

1—c¢ 1—c¢

(35) error-bound I

x number of corrupted data

(a) (b)

This error-bound (35) is the sum of two terms. The first term (35a) coincides with the error-bound (21)
for the noise-free setting. The second term (35b) thus expresses the number of additional errors due to the
corrupted training data. The latter term (35b) is in turn the product between the number of corrupted
data times a factor which thus quantifies the amount of disruption caused by each corrupted piece of data.
This additional term (35b) grows slowly (linearly) with the number of constraints (as well as with the
number of corrupted data). Furthermore, this bound requires no assumptions on the constraints. It thus
settles question (6d) concerning constraint-independent guarantees that the OT learner is robust to noise.

6.4. Summary

Sections 4 and 5 have compared the OT and HG implementations of error-driven learning in the noise-
free setting. This section has extended the comparison to the noisy learning setting. It has focused on the
number of additional errors made by the learner to recover from the faulty updates triggered by corrupted
training data. The OT learner comes with a bound on the number of additional errors which provides
constraint-independent guarantees on its noise robustness. The constraint-independent bound currently
available for the HG learner instead does not guarantee noise robustness, because of its dependence on
the margin of the data. Indeed, the HG learner is not noise robust constraint-independently: with just
ten constraints, the HG learner can make more than 64,000 additional updates to recover from a faulty
update triggered by a single piece of corrupted data.

7. CONCLUSIONS

The theories of OT and HG error-driven learning which emerge from the results presented in this
paper are synopsized in (36) and (37), using the scheme (6). Various bounds for the OT learner have
been recalled which provide guarantees of convergence (is the number of errors finite?), efficiency (is the
number of errors furthermore small?), stochastic tolerance (does the number of errors remain small in the
stochastic implementation?), and noise robustness (does the number of errors remain small in the noisy
setting?). These bounds follow from formal properties of the OT mode of constraint interaction and thus
hold for any constraints. They thus provide a positive answer to the four constraint-independent questions



21

(36a)-(36d). The four constraint-dependent questions (36¢)-(36h) become superfluous. The theory of OT
error-driven learning has thus been successfully completed from a constraint-independent perspective.

(36) OT theory of error-driven learning:

a. Does CONVERGENCE hold for any N0 | ¢ Doe GEN T Spe-
. [4 . T
constraint set? YES nstraint sets?
yes + + yes
b. Does EFFICIENCY hold for any no W_
. (4
constraint set? YES int sets?
+ yes
c. Does STOCHASTIC TOLERANCE no | g. ASTIC T yes
hold for any constraint set? YES | specific constrai ? J
d. Does NOISE ROBUSTNESS hold for | "¢ | h. ROBUST or | |
any constraint set? YES| ° speeific constraint sets?

Various bounds for the Perceptron HG learner (and their extensions to the truncated variant which
ensures nonnegative weights) have also been recalled. They guarantee convergence irrespectively of the
constraints, and thus provide a positive answer to the constraint-independent question (37a). Unfortu-
nately, these bounds all depend on the margin of the data, a measure of the slackness in the choice of
consistent weights. In subsection 4.2, I have described a class of cases where the margin decreases fast with
the number of constraints and the available bounds thus grow fast and provide no guarantees. Indeed,
the HG learner has been shown not to converge efficiently in these cases, not to tolerate the stochastic
implementation, and not to be robust to noise. Constraint-independent guarantees are thus impossible for
the HG learner, yielding a negative answer to the three questions (37b)-(37d).

(37) HG theory of error-driven learning:

a. Does CONVERGENCE hold for any N0 | e, Doe GEN T spe-
o 4 . T
constraint set? YES nstraint sets?
yes + + yes
b. Does EFFICIENCY hold for any 10 | f. Does EFFICIENCY hold for specific
o 4 .
constraint set? NO constraint sets?
+ yes
c. Does STOCHASTIC TOLERANCE n\o g. Does STOCHASTIC TOLERANCE yes
hold for any constraint set? NO | * hold for specific constraint sets? 4
d. Does NOISE ROBUSTNESS hold for "0 | 'h. Does NOISE ROBUSTNESS hold for | |
any constraint set? NO| ° specific constraint sets?

Together, (36) and (37) show that the theory of error-driven learning in OT and HG has a completely
different nature (as foreshadowed in Prince and Smolensky 2004, section 10.2.2).

The difference between OT and HG just brought out is best appreciated against the backdrop of a recent
debate in computational phonology. Pater (2008) provides an elegant counterexample against Boersma’s
(1998) GLA implementation of OT error-driven learning. He then diagnoses that “one reason for the
failure [of the GLA on his counterexample], and potentially for its failure to provably converge in general,
isits use of [...] OT as a model of grammar.” He then notes that “the GLA closely resembles Rosenblatt’s
(1958) Perceptron”, which instead uses the HG model of grammar. And he thus concludes advocating
the replacement of OT with HG and the adoption of the Perceptron update rule for HG error-driven
learning. Pater (2009, p. 1021) indeed argues that “one broad argument for weighted constraints [...] is
that weighted constraints are compatible with existing well-understood algorithms for learning variable
outcomes and for learning gradually [...].” The results synopsized in (36) and (37) turn this assessment
on its head.

To start, the problem with Pater’s counterexample is not germane to the OT mode of constraint interac-
tion. Rather, it is only due to a specific GLA’s implementation detail, namely the GLA’s choice of a fixed
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promotion amount. As recalled in subsection 4.4, the problem evaporates through the adoption of a pro-
motion amount which is carefully calibrated on the number of winner-preferring constraints, as prescribed
by the promotion rule (12a). Indeed, convergence, efficiency, stochastic tolerance, and noise robustness are
guaranteed for such an OT learner. And these guarantees hold independently of the phonological content
of the constraints, circumventing the contentious issue of the characterization of phonologically plausible
constraints.

The situation turns out to be very different for the HG learner. We have seen that the HG learner
can make an astronomical number of errors: for instance, it makes more than 6,500,000 errors in the
counterexample (15) with just ten constraints. Hence, no constraint-independent efficiency guarantees
are possible. Any HG efficiency guarantees will have to be restricted through proper assumptions on
the constraints. The difficulty in developing such constraint-dependent analyses is that the behavior of
the HG learner can change abruptly in the face of even very small modifications of the training data.
Indeed, we have seen that the number of errors drops to just 200 in the variant of the counterexample
(15) considered in (23), despite the fact that the two test cases differ only minimally (only two constraint
violation differences have been changed by no more than 2). Finally, the behavior of the HG learner can
change abruptly in the face of even small modifications of the the current weights. Indeed, we have seen
that a single, small update of the current weights (which changes only three weights by less than 2) has
a dramatic effect and requires the learner to perform over 64,000 additional updates to recover. These
abrupt discontinuities in the behavior of the HG learner in response to only small modifications of the
data or the weights overturn Pater’s assessment of the relative merits of OT and HG from the perspective
of error-driven learning.

This conclusion in turn has implications for the connection between constraint-based phonology and
the computational literature. There has been a spur of interest in learning with rankings in the recent
machine learning literature (under the heading of preference learning; Fiirnkranz and Hiillermeier 2010).
Because of its constraint-independent nature, the OT theory of error-driven learning is independent of the
phonological substance and might thus benefit from the methods and results developed within the com-
putational literature. The HG theory must instead rely on substantive assumptions on the phonological
content of specific constraints. In other words, the HG theory must focus on the implications for efficiency
and robustness of subtle assumptions on phonologically plausible constraints. The machine learning liter-
ature has plausibly little to contribute to that enterprise. The HG theory of error-driven learning is thus
unlikely to benefit from the analyses of general-purpose “existing well-understood algorithms” from the
machine learning literature, contrary to Pater’s suggestion (see for instance subsection 4.9 above).

Of course, the choice between the OT and HG implementations of constraint-based phonology is an
empirical issue which should in the end be decided by typological considerations. Yet, recent research
has started to compare the two frameworks from the perspective of their acquisition and learnability
implications (Riggle 2009; Bane et al. 2010; Magri 2013b; Jesney and Tessier 2011). This paper contributes
to this line of research, through a re-evaluation of the relative merits of OT and HG from the perspective
of error-driven learnability. The relevance of this re-evaluation can be concretely illustrated through the
following example. Levelt et al. (2000) report that Dutch learning children go through acquisition stages
where they allow a single marked structure while doubly marked structures lag behind. For instance, they
allow syllables with complex codas and allow syllables with complex onsets but do not allow syllables
where these two markedness violations gang-up. Do these acquisition data show that child language
displays gang-up effects and therefore requires HG over OT? The answer is delicate. In fact, although OT
does not capture gang-up effects by design, Jager and Rosenbach (2006) show that some of these effects
can be modeled in OT through the addition of a stochastic component. Building on this observation,
Jarosz (2010) shows that stochastic OT is able to model the gang-up effects reported in Levelt’s child data
(with standard constraints for syllable types) and that an OT error-driven learner indeed walks through
intermediate stages which correspond to the attested gang-up effects. Which account of these gang-up
effects is thus to be preferred, the stochastic OT account or the HG one? This is clearly a case where
descriptive adequacy falls short. The computational results reported in this paper might help in this case.
In fact, while the HG learner is not efficient from a constraint-independent perspective, the stochastic
implementation does not affect the efficiency of the OT learner. These computational results might thus
provide a starting point for a learnability-based argument which fills the gap left by the insufficiency of
sheer phonological data.
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APPENDIX A. MARGIN

At each iteration, the error-driven learner chews a piece of data which consists of a certain winner
candidate y and a certain loser candidate = for a certain underlying form x. Let me denote by aj the
corresponding violation difference for constraint Cy, as in (38). That is the difference between the number
Ci(z,#) of violations assigned by constraint Cj to the loser mapping minus the number Cj(z,y) of viola-
tions assigned to the winner-mapping. Collect the corresponding violation differences corresponding to all
constraints C,Cy, ... into a vector a = (a1, as,... ), called an elementary weighting condition (EWC), by
analogy with Prince’s (2002) elementary ranking conditions in Optimality Theory.

(38) ar = Ci(z,%) — Cr(,y)

Suppose there are only n = 2 constraints C; and Cy. A generic EWC thus has the shape a = (a1, a2):
it consists of the differences a; and as between the number of violations assigned to the loser minus the
number of violations assigned to the winner by the two constraints C; and Cjy, respectively. An EWC can
thus be represented with a point in the cartesian plane, through the convention that the horizontal axis
corresponds to constraint C7 and the vertical axis corresponds to constraint Cs. To illustrate, the three
EWCs a’ = (2,-2),a” = (3,1), and a” = (0,2) can be represented as in (39).

(39) Co

With only n = 2 constraints, a generic weight vector has the shape 8 = (61,62): it consists of the
weights 61 and 6 of the two constraints C; and C3. It can be represented through an arrow which
starts at the origin and points at the point with coordinates 6; and 6. To illustrate, the weight vector
6 = (2,1) is represented by the arrow in (40). The decision line corresponding to a weight vector is the line
through the origin which is perpendicular to the arrow which represents the weight vector. To illustrate,
the decision line corresponding to the weight vector 6 = (2,1) is represented by the dashed line in (40).
The decision line splits the plane into two regions, one of which contains the arrow. The HG-consistency
condition (8) between an underlying/winner/loser form triplet (z,y,=) and a weight vector says that the
EWC corresponding to that triplet lies in the half-plane which contains the arrow corresponding to that
weight vector. To illustrate, (40) shows a weight vector consistent with each of the three EWCs a’,a”,a",
as they lie in the half-plane containing the arrow.
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The distance of an EWC from the decision line is the length of the segment which starts at the EWC and
falls perpendicularly on the decision line, represented by the dotted segments in (41). This distance can be
interpreted as a measure of the “degree of consistency” of the EWC with (the decision line corresponding
to) the weight vector. Thus, although the weight vector plotted in (41) is consistent with both EWCs a’
and a”, the former EWC has a smaller degree of consistency than the latter. Indeed, a small perturbation
of the weights slightly rotates the decision line and might affect consistency with the closer EWC a’ but not
with the EWC a”. Since we are interested in worst-case analyses, we focus on the most “dangerous” piece
of training data, namely the underlying/winner/loser form triplet whose EWC has the smallest degree of
consistency because it is closest to the decision line. The distance of that EWC from the decision line is
called the margin of the training data with respect to (the decision line corresponding to) the weight vector
6. To illustrate, the margin of the training data corresponding to the three EWCs a’,a”,a’” relative to
the decision line represented by the dashed line in (41) is the distance of either EWC a’ or a”’.

(41)

Different weight vectors induce different decision lines that in turn differ because of their distances from
the training EWCs. Among all weight vectors consistent with the data set, we thus consider a weight
vector @ whose decision line achieves the largest distance from the closest EWC, namely whose margin
is at least as large as the margin relative to any other weight vector 8. The margin of any such optimal
weight vector 0 is called the margin of the training data. As it is clear from this geometric definition,
all optimal weight vectors correspond to the same decision line, which is therefore unique. The extension
from n = 2 to an arbitrary number n of constraints is conceptually straightforward.

APPENDIX B. THE MARGIN OF THE COUNTEREXAMPLE

Consider again the counterexample constructed in subsection 4.2. Let A,, be the EWC matrix in (15a).
Let | - | denote the Euclidean norm, defined by |[v||* = Y-, v?. Let A, 0 denote the row-by-column
product between the matrix A, and the (column) weight vector 8. For any two vectors v,w € R",
the inequality v > w (and v > w) means that each component of v is at least as large as (is strictly
larger than, respectively) the corresponding component of w. Vapnik’s (1998) Theorem 10.2 ensures that
the squared inverse of the margin of the training data corresponding to n constraints coincides with the

(unique) solution of the optimization problem (42) in the unknown 6 € R™.

(42)  minimize: |0]?
subject to: A,0 >1

As explained in subsection 4.3, define the dummy data as the set of all underlying/winner/loser form
triplets whose constraint violation differences are all null apart from one, which is equal to +1 (Magri
2015a). In the case of n constraints, the corresponding matrix of EWCs is thus the identity matrix I,
(namely the matrix with n columns and n rows, whose entires are all equal to 0 but for the diagonal
entries which are all equal to 1). And the squared inverse margin of the training data plus the dummy
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data corresponding to n constraints coincides with the (unique) solution of the optimization problem (43)
in the unknown 6 € R™.

(43)  minimize: |02
subject to: A,0 >1
I,0>1

As (42) and (43) are convex quadratic programs, they can be solved with standard optimization software,
such as the Matlab optimization toolbox. The results for n = 5,6,7,8,9, 10 are plotted in (18).

ApPPENDIX C. THE HG LEARNER MIMICS THE OT LEARNER ON THE COUNTEREXAMPLE

This appendix explains intuitively the claim made in subsection 4.7 that the HG learner with the
original Perceptron reweighing rule (and properly chosen step sizes) mimics the OT learner with the
calibration constant ¢ set equal to ¢ = 1 on the counterexample (15). To reason concretely, consider the
case with 5 constraints and suppose that the learner is currently being trained on the penultimate row of
the corresponding matrix (15b), repeated in (44).

(44) Cl Cz C3 C4 C5
[ +1 =2 41 ]

Suppose that this piece of data is inconsistent with the current ranking vector 8 and thus prompts the OT
learner to update. This means that the ranking values #3 and 605 of the two winner-preferring constraints
C3 and Cj are each smaller than the ranking value 6,4 of the loser-preferring constraint Cy. The sum 63+ 05
of the ranking values of the two winner-preferring constraints is thus smaller than twice the ranking value
04 of the loser-preferring constraint, namely 035 4 5 < 20,4. Since the size of the violation difference of the
loser-preferring constraint Cy is indeed 2 in (44), the latter inequality says that the average of the violation
differences (44) weighted by the weights 0 is negative. In other words, the vector 6 is not HG-consistent
with (44) so that the HG learner would update as well. This conclusion holds in complete generality:
since the size of the negative entries in the counterexample (15) is always equal to the number of positive
entries, an update by the OT learner entails an update by the HG learner (see Magri (2013b, section 4)
for discussion of the general case). This conclusion crucially requires the size of the negative entries to be
equal to the number of positive entries. For instance, consider the variant in (45), with —2 replaced by
-3.

(45) C1 Cy C3 Cy Cs
[ +1 -3 +1]

Suppose that 63 = —2, 8, = —2, and 05 = —3. Thus, the OT learner performs an update, because neither
ranking value 03 or 65 of the two winner-preferring constraints C's and C is larger than the ranking value
04 of the loser-preferring constraint Cy. Yet, the HG learner does not perform an update, because the
weighted sum 603 — 304 + 605 = —2 + 6 — 3 of the violation differences (44) is strictly positive.

When the OT learner updates its current vector 6 in response to its failure on the current piece of data
(44), it demotes the loser-preferring constraint C; by 1 and promotes both winner-preferring constraints
C3 and C5 by a small promotion amount. We have found it convenient to express this promotion amount
as ¢/w in terms of the number w of winner-preferring constraints and a calibration constant ¢, as in (12a).
Assume that the calibration constant c is set equal to ¢ = 1. The two winner-preferring constraints C3 and
C5 are thus promoted by 1/2 each. Consider next the HG error-driven learner with the original Perceptron
reweighing rule (10). This reweighing rule updates each current weight by adding the corresponding
constraint difference. Nothing changes in the behavior and the analysis of the learner if we adopt a variant
of this reweighing rule whereby the violation differences are rescaled by a (nonnegative) step size. For
concreteness, set the step size equal to 1/2. In this case, the reweigh triggered by (44) is as follows: the
weight of the constraint Cy is decreased by adding the corresponding violation difference —2 times the step
size 1/2, namely is decreased by 1; and both weights of constraints C3 and Cj are increased by adding the
corresponding violation difference 1 times the step size 1/2, namely are increased by 1/2. The updates
performed by the OT and the HG learners thus turn out to be identical. This conclusion holds in complete
generality: since the size of the negative entries in the counterexample (15) is always equal to the number
of positive entries, an update by the OT learner with the calibration constant c set equal to ¢ = 1 is
eqgivalent to an update by the HG learner with the original Perceptron reweighing rule (and a properly
chosen step size). This conclusion crucially requires the size of the negative entries to be equal to the
number of positive entries: no choice of the step size allows the HG update to mimic the OT update in
the case of the violation differences (45).
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ApPPENDIX D. COMPUTING THE NUMBER OF ERRORS ON THE MOST FAVORABLE TRAINING SEQUENCE

Asin appendix B, let A,, be the EWC matrix (15a). The final weight vector 8 entertained at convergence
by the Perceptron HG learner trained on the counterexample must satisfy the HG consistency condition
(8) with each piece of training data. Equivalently, it must satisfy the strict matrix inequality (46a), where
0 is a vector of entries all equal to 0. At each update, the reweighing rule (10) adds to each current weight
the corresponding violation difference. Equivalently, it adds to the current weight vector the (transposed)
row of the matrix A,, which is the EWC of the piece of data triggering the current update. Since the
algorithm starts from the null weight vector, the final weight vector is the sum of the (transposed) rows
of the matrix A,, each multiplied by the corresponding number of updates it has triggered in the run
considered. The latter condition can be expressed as the matrix equation (46b), for some integer vector
a = (ag,...,a,—1), where o; represents the number of updates triggered by the EWC corresponding to
the ith row of the matrix A,,. By combining (46a) and (46b), I obtain the strict matrix inequality (46c¢).
Finally, since « is an integer vector and A, is an integer matrix, the strict inequality (46c¢) is equivalent
to the inequality (46d), where 1 is a vector of entries equal to 1.

(46) a. A,0>0
b. 6 =Al«
c. ApbAla>0
d A,ATa>1

The number of updates performed by the HG Perceptron learner thus coincides with the sum a1 +. . .+, 1
of the number «; of updates triggered by the first EWC plus the number a5 of updates triggered by the
second EWC and so on down to the number «,_; of updates triggered by the last of the n — 1 EWCs.
Furthermore, these nonnegative numbers «;, ..., a,—1 need to satisfy the matrix inequality (46d). In the
end, the number of updates performed by the learner to converge cannot be smaller than the solution of
the optimization problem (47) in the variable a € R"~! which therefore provides a lower bound on the
best-case number of updates performed by the learner.

(47)  minimize: o3 +... + a1
subject to: AnATna >1
a>0

As (47) is a linear program, it can be solved with standard optimization software, such as the Matlab
optimization toolbox. The results for n = 5,6,7,8,9, 10 are plotted in (25).

APPENDIX E. SIMULATION DETAILS AND RESULTS

The details of the HG and OT simulations reported in the paper are as follows. The initial weights and
initial ranking values are all equal to zero (but for the simulations described in subsection 6.1). The training
underlying/winner/loser form triplet are sampled uniformly at random. The re-ranking rule used for the
OT simulations is (12) with the calibration constant ¢ set equal to 1/2. Thus, w = 3 winner preferring
constraints are promoted by ¢/w = 1/6 each. For both OT and HG stochastic learners, the stochastic
values €1, ¢€s,... are sampled independently and uniformly between —A and +A, with A = 2. The OT
and HG error-driven learners used for the simulations are available as the Python scripts 0Tlearner.py
and HGlearner.py on the author’s webpage, together with the Excel files which specify the various
counterexamples. The tables which follow provide detailed simulation results.



29

“SUOTYRNUIIS 91} UNI 0} 98I 00} SAUWI029(
SIOLI® JO IOQUUNU d} 9SNRID( PO ST SJUTRIISUOD ()] = U 0F SUIpuodsariod osed o], ‘¢— Ypm pooe[dol g— 07 Tenbo sor1quo (e YIm (1) osed
1599 1]} JO JUBLIBA © UO S[NI SUIYS1omal u013dedIaJ PojeduILI} o} [IM ISUILS] H] JIISIUTULIISP S} JO SUNI U9} I0J SYHNSSI UOI)e[NWIS ‘g AIdV],

00°0 00°08¢€ 08¢¢€ 08¢c¢€ 08¢c€ 08¢¢€ 08¢¢€ 08¢€ 08¢¢€ 08¢¢€ 08¢¢€ 082€ | 'O Jo 1ySem [euy
08'286 0T LV06STY | 92909%% CIE6SHY  T1S009VF VIS8STY 6CI8STY  0696SFY  00LLSFY FE66SFF  €08LSFF  €9€8GYY | sojepdn Jo wmu 6 =u
000 00°€60T €601 €601 €60T €601 €601 €601 €60T €601 €601 €60T | 'O Jo 1ySem [euy
G99'T¥Gc  08°GTLS6Y 09.G67  7S8S67  6C8G6F 698667 00SS6F 6%T96%  VILG6V  TSPS6V  98%C6Y  GPFG6Y | serepdn jo wmu @ = u
00°0 00'79¢ 79¢€ ¥9€ ¥9€ 79€ 79¢€ ¥9€ ¥9€ 79¢€ ¥9¢€ ¥9¢ | 1D Jo 1ySom [euy
0L°T6 0€°GLTSS 6€14S ¢00SS  TLESS 1¢¢4s ¢804¢ 6LTGG G004¢4 (44155 0€Css TL1GG | soyepdn jo wmmu ) =u
00°0 00°T¢T 11 1T 1¢T 1T 1¢T 1¢T 1T 1T 12T 12T | D Jo 1[Srom Teuy
6¢°¢¢ 08°09T19 Gc19 1919 LV19 6419 €619 0¥19 V19 1919 €119 €619 | sojepdn jo wmu g =u
000 00°0¥ ov 0¥ ov ov 0y v 0y oy v 0¥ | 'D Jo 1 Stem Teuy
9g¥°cl 09769 069 ¢69 669 689 90. 8TL 669 869 899 189 | sorepdn jo wmu ¢ =1u
as ueowt X XI IITA IIA IA A AI 111 11 I

(1) os®e0 1899 oY) UO

oI SurySromal wo13dedIo Pojyedunty oy} Yirm IoUIed] D] OIPSIUTULINOP oY} JO SUNI Ud) IO SINSSI UOIYe[NUIS ‘T HTAV],

00 0°TTS 116 116 116 116 1T1G 11G 116 11G 11¢ TTG | 'D Jo 13tom Teuy
6'L8C 6 LVTCST | TEEC8T OTLIST 68LT8T SPIGST GSSIST STIEST E€TET8T GLIZST €LST8T 0LIE8T | sdjepdn jo wmu ([ =u
00 0°6%¢ §Ge GGe Ggc §Ge §Ge §gae §ge §ae §ae GGT | 'D Jo 1 Stom Teuy
€V0T  8'Ceyav | G€9SY  TIPSP ISPSY  €OFSY  0€CSh 7SSy 68SSV 916Gy CEESy  LepSy | seepdn jo wmu g =u
00 0°L¢T Lal Lcl L¢1 LC1 LC1 .21 LC1 x4\ Lal L2T | 1D Jo yySom [euy
GyG  LOTETT | OIVIT  €0CIT TEETT  86TIT  SGETT  9CETT  LOEIT  €PETT  89ZIT  €9gIT | sojyepdn jo wmu g =1u
00 0°€9 €9 €9 €9 €9 €9 €9 €9 €9 €9 €9 | 1D Jo yySom Teuy
R4 ¥'86L¢ 16.¢ 908¢ 6€8C 99.¢ 018¢ G6.L¢ G6.¢ 708¢ 96.¢ Gg8¢g | sojepdn jo mmu ) =u
00 0'1€ 1€ 1€ 1€ 1€ 1€ 1€ 1€ 1€ 1€ 1€ | 'O JO 1Som euy
8¢l Lc89 989 029 80L G.9 989 €69 ¢69 899 489 799 | sorepdn jo wmu 9 =u
00 06T a1 a1 qr1 qr1 qr1 a1 qr a1 a1 ST | 1D Jo 1 Stom Teuy
g€ L'8GT 991 44! 091 91 LGT LGT 9¢1 LGT 6G1 29T | sorepdn jo umu G =u
as Ueowt X XTI ITIA IIA IA A Al III 11 I




30 GIORGIO MAGRI

1 11 ImImI 1v v VI VII VIII IX X mean SD

n=>5 num. of updates |4 4 4 4 4 4 4 4 4 4 4.00  0.00
final weight of C; | 1 1 1 1 1 1 1 1 1 1 1.00 0.00

n =6 num. of updates |5 ) 5 ) ) 5 5 ) ) 5 5.00 0.00
final weight of C; | 1 1 1 1 1 1 1 1 1 1 1.00  0.00

n =7 num. of updates |6 6 6 6 6 6 6 6 6 6 6.00  0.00
final weight of C | 1 1 1 1 1 1 1 1 1 1 1.00  0.00

n =8 num. of updates |7 7 7 7 7 7 7 7 7 7 7.00 0.00
final weight of Cy | 1 1 1 1 1 1 1 1 1 1 1.00  0.00

n =9 num. of updates |8 8 8 8 8 8 8 8 8 8 8.00 0.00
final weight of C7 | 1 1 1 1 1 1 1 1 1 1 1.00 0.00

n =10 num. of updates |9 9 9 9 9 9 9 9 9 9 9.00 0.00
final weight of C | 1 1 1 1 1 1 1 1 1 1 1.00  0.00

TABLE 3. Simulation results for ten runs of the deterministic HG learner with the original
Perceptron reweighing rule on the test case (13).
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GIORGIO MAGRI

I II III IV V VI VII VIII IX X mean SD

n=>5 num. of updates [19 19 19 19 19 19 19 19 19 19 |[19.0 0.0
final weight of Cy | 3 3 3 3 3 3 3 3 3 3 3.0 0.0

n =6 num. of updates (32 16 16 16 32 16 16 16 16 16 |[19.2 6.4
final weight of C | 4 2 2 2 4 2 2 2 2 2 2.4 0.8

n =7 num. of updates |37 37 37 37 37 37 37 37 37 37 |37.0 0.0
final weight of Cy | 3 3 3 3 3 3 3 3 3 3 3.0 0.0

n=8 num.of updates |84 84 84 84 84 84 84 &4 84 84 |84.0 0.0
final weight of Cy | 5 5 5 5 5 5 5 5 5 5 5.0 0.0

n =9 num. of updates |158 111 111 111 111 111 111 111 111 111 |115.7 14.1
final weight of Cy | 7 5 5 5 5 5 5 5 5 5 5.2 0.6

n =10 num. of updates |206 206 206 206 206 206 206 206 206 206 |206.0 0.0
final weight of Cy | 7 7 7 7 7 7 7 7 7 7 7.0 0.0

TABLE 7. Simulation results for ten runs of the deterministic HG learner with the original
Perceptron reweighing rule on the test case (23).

I II IIT IV .V VI VII VIII IX X mean SD

n=>5 num. of updates |59 67 59 59 59 67 T9 67 59 67 |64.2 6.2
final weight of C; |4 4 4 4 4 4 5 4 4 4 4.1 0.3

n =6 num. of updates |98 98 73 107 98 100 98 100 98 98 |96.8 8.4
final weight of C; |3 3 2 3 3 4 3 4 3 3 3.1 0.5

n =7 num. of updates |98 90 82 82 90 90 82 82 82 82 |86.0 5.4
final weight of Cy | 2 2 2 2 2 2 2 2 2 2 2.0 0.0

n =38 num. of updates |87 87 100 87 87 112 87 87 87 100 |92.1 8.4
final weight of C; | 2 2 2 2 2 2 2 2 2 2 2.0 0.0

n=9 num. of updates |90 90 90 90 90 90 90 90 90 90 |90.0 0.0
final weight of C; |2 2 2 2 2 2 2 2 2 2 2.0 0.0

n =10 num. of updates |91 108 91 91 120 133 108 91 91 108 |103.2 14.1
final weight of C; |1 2 1 1 2 2 2 1 1 2 1.5 0.5

TABLE 8. Simulation results for ten runs of the deterministic HG learner with the original
Perceptron reweighing rule on the test case (24).



35

(0g) ur spyStom [eTHIUl S WO JUILIRIS
(g1) ordwrexersjunoon oY) WO SUNI Ue) Ul SNI SUIYIoMol U0IIdedIsd POJedUNI) 8} UM ISWIed] H oY) AQ opeul SIOL® JO IequINN ‘¢ ATV,

88°GTPSE8  00°00Lc6¥T | 9967FST 00L89GT GCEEIVT LGRCLVT 0LEECYT ¥F86CIT 8IGISTT 86¥VI0ET 699GL¥VT €086SST OTISeYD03S
V¢ L8V9T 06 175€C 6CEY 8GCCC Ga10T 98GET  L¥TV9 S¥6v¢ VLGLE VOLLT 1T¢6¢ OTPIT | °oBsiuluLolep (O = U

GT'0€08L  0€°CVIP9c | 89¢6LC  €86€6C  €6LVLC  9T196C  L9990€ 6¥6¥8¢  T1¥g959¢  8GE66C 9BVLIE ¢LGSE OTSBYD0YS
G ITV6 0€'6T86T Gc08T EC8ET 697€T €6€0¢ 8699 ¢1991 L7L0€ CVETE L0997 LG6SGCE | PLSIUIULIDIOD 6 =U

L1099 V66109 ¢098¢ 8V84T €898V 99697 60¢.L7 9¢8Ccs ¥IS99 V6ELY 86¢¢T V1997 OTISeYD03s
97.L61 ¢'92¢9% ovly 909¢ €819 8¢T. G879 896¢C 009¥ 90€¢€ 9294 €406 | PIsIUIULIPP R =1U

L7e8 G'6€08 9€.L6 1999 GTI18 ¢84. ¥0¢8 6178 L068 8¥9. ¥6€L €C8L RISSER B
L'€09 1°GEL 4% ¢6¢l ¢66 61T gv01 vl SOvI i ! Gy1 | oBsiultLolep ) =u

G'LSe €07ET 429" 8EVT 168 LCLI GGrT 9¢0T SG¥0T 0191 60ST 8GET OTSBYD0YS
G871 R G81 G81 (431! i i G81 (4°1" v1 i GyT | oBsiUluLolep 9 =u

087 8'€EC 60¢ 68T 09¢ €8T 06T 98¢ vec 19¢ 68T €€ OTISeYD03S
9y G'69 12 9¢ 1L 12 T2 1L 12 12 1. TL | olsmuiaiolop G =1u

as ueowt X XTI ITIA IIA IA A Al 111 I1 I




